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Foreword of the Editor 


Abraham Leonidovich Zelmanov was born on 
May 15, 1913 in Poltava Gubernya of the Rus- 
* | sian Empire. His father was a Judaic religious 
| scientist, a specialist in comments on Torah 
| and Kabbalah. In 1937 Zelmanov completed 
| his education at the Mechanical Mathematical 
Department of Moscow University. After 1937 
he was a research-student at the Sternberg 
Astronomical Institute in Moscow, where he 
presented his dissertation in 1944. In 1953 he 
D was arrested for “cosmopolitism” in Stalin's 
Abraham Zelmanov campaign against Jews. However, as soon as 

in the 1940's Stalin died, Zelmanov was set free, after some 
months of imprisonment. For several decades Zelmanov and his 
paralyzed parents lived in a room in a flat shared with neighbours. 
He took everyday care of his parents, so they lived into old age. 
Only in the 1970’s did he obtain a personal municipal flat. He was 
married three times. Zelmanov worked on the academic staff of the 
Sternberg Astronomical Institute all his life, until his death on the 
winter's day, 2nd of February, 1987. 

He was very thin in physique, like an Indian yogi, rather shorter 
than average, and a very delicate man. From his appearance it was 
possible to think that his life and thoughts were rather ordinary or 
uninteresting. However, in acquaintance with him and his scientific 
discussions in friendly company one formed another opinion about 
him. Those were discussions with a great scientist and humanist 
who reasoned in a very unorthodox way. Sometimes we thought 
that we were not speaking with a contemporary scientist of the 
20th century, but some famous philosopher from Classical Greece 
or the Middle Ages. So the themes of those discussions are eternal 
— the interior of the Universe, the place of a human being in the 
Universe, the nature of space and time. 

Zelmanov liked to remark that he preferred to make mathemat- 
ical "instruments" than to use them in practice. Perhaps thereby 
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his main goal in science was the mathematical apparatus of physical 
observable quantities in the General Theory of Relativity known 
as the theory of chronometric invariants [1]. In developing the 
apparatus he also created other mathematical methods, namely 
— kinemetric invariants [5] and monad formalism [6]. Being very 
demanding of himself, Zelmanov published less than a dozen sci- 
entific publications during his life (see References), so every publi- 
cation is a concentrate of his fundamental scientific ideas. 

Most of his time was spent in scientific work, but he sometimes 
gave lectures on the General Theory of Relativity and relativistic 
cosmology as a science for the geometrical structure of the Uni- 
verse. Stephen Hawking, a young scientist in the 1960's, attended 
Zelmanov's seminars on cosmology at the Sternberg Astronomical 
Institute in Moscow. Zelmanov presented him as a "promising 
young cosmologist". Hawking read a brief report at one of those 
seminars. 

Because Zelmanov made scientific creation the main goal of 
his life, writing articles was a waste of time to him. However he 
never regretted time spent on long discussions in friendly company, 
where he set forth his philosophical concepts on the geometrical 
structure of the Universe and the process of human evolution. In 
those discussions he formulated his famous Anthropic Principle 
and the Infinite Relativity Principle. 

His Anthropic Principle is stated here in his own words, in two 
versions. The first version sets forth the idea that the law of human 
evolution is dependent upon fundamental physical constants: 


Humanity exists at the present time and we observe world 
constants completely because the constants bear their specific 
numerical values at this time. When the world constants bore 
other values humanity did not exist. When the constants 
change to other values humanity will disappear. That is, hu- 
manity can exist only with the specific scale of the numerical 
values of the cosmological constants. Humanity is only an epi- 
sode in the life of the Universe. At the present time cosmo- 
logical conditions are such that humanity develops. 


In the second form he argues that any observer depends on the 
Universe he observes in the same way that the Universe depends 
on him: 

'The Universe has the interior we observe, because we observe 


the Universe in this way. It is impossible to divorce the Uni- 
verse from the observer. The observable Universe depends on 
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the observer and the observer depends on the Universe. If the 
contemporary physical conditions in the Universe change then 
the observer is changed. And vice versa, if the observer is 
changed then he will observe the world in another way, so the 
Universe he observes will also change. If no observers exist 
then the observable Universe as well does not exist. 


It is probable that by proceeding from his Anthropic Principle, 
in the years 1941-1944, Zelmanov solved the well-known problem 
of physical observable quantities in the General Theory of Rela- 
tivity. 

It should be noted that many researchers were working on the 
theory of observable quantities in the 1940's. For example, Lan- 
dau and Lifshitz, in their famous The Classical Theory of Fields, 
introduced observable time and the observable three-dimensional 
interval, similar to those introduced by Zelmanov. But they limited 
themselves only to this particular case and did not arrive at general 
mathematical methods to define physical observable quantities in 
pseudo-Riemannian spaces. It was only Cattaneo, an Italian math- 
ematician, who developed his own approach to the problem, not far 
removed from Zelmanov's solution. Cattaneo published his results 
on the theme in 1958 and later [9-12]. Zelmanov knew those art- 
icles, and he highly appreciated Cattaneo's works. Cattaneo also 
knew of Zelmanov's works, and even cited the theory of chrono- 
metric invariants in his last publication [12]. 

In 1944 Zelmanov completed his mathematical apparatus for 
calculating physical observable quantities in four-dimensional 
pseudo-Riemannian space, in strict solution of that problem. He 
called the apparatus the theory of chronometric invariants. 

Solving Einstein's equations with this mathematical apparatus, 
Zelmanov obtained the total system of all cosmological models 
(scenarios of the Universe's evolution) which could be possible as 
derived from the equations. In particular, he had arrived at the 
possibility that infinitude may be relative. Later, in the 1950's, he 
enunciated the Infinite Relativity Principle: 


In homogeneous isotropic cosmological models spatial infinity 
of the Universe depends on our choice of that reference frame 
from which we observe the Universe (the observer's reference 
frame). If the three-dimensional space of the Universe, being 
Observed in one reference frame, is infinite, it may be finite in 
another reference frame. The same is just as well true for the 
time during which the Universe evolves. 
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In other words, using purely mathematical methods of the Gen- 
eral Theory of Relativity, Zelmanov showed that any observer 
forms his world-picture from a comparison between his observa- 
tional results and some standards he has in his laboratory — the 
standards of different objects and their physical properties. So the 
"world" we see as a result of our observations depends directly 
on that set of physical standards we have, so the “visible world” 
depends directly on our considerations about some objects and 
phenomena. 

The mathematical apparatus of physical observable quantities 
and those results it gave in relativistic cosmology were the first 
results of Zelmanov's application of his Anthropic Principle to the 
General Theory of Relativity. To obtain the results with general 
covariant methods (standard in the General Theory of Relativity), 
where observation results do not depend on the observer's refer- 
ence properties, would be impossible. 

Unfortunately, Zelmanov's scientific methods aren't very pop- 
ular with today's physicists. Most theoreticians working in General 
Relativity don't use his very difficult methods of chronometric 
invariants, although the methods afford more opportunities than 
regular general covariant methods. The reason is that Zelmanov 
put his scientific ideas into the "code" of this difficult mathematical 
terminology. It is of course possible to understand Zelmanov's ideas 
using his mathematical apparatus in detail; he patiently taught 
several of his pupils. For all other scientists it has proved very 
difficult to understand Zelmanov's mathematical methods from his 
very compressed scientific articles with formulae, without his per- 
sonal comments. 

Herein I present Zelmanov's dissertation of 1944, where his 
mathematical apparatus of chronometric invariants has been de- 
scribed in all the necessary details. The dissertation also contains 
numerous results in cosmology which Zelmanov had obtained using 
the mathematical methods. It is impossible to find a more detailed 
and systematic description of the theory of chronometric invari- 
ants, than the dissertation. Even the book Elements of the Gener- 
al Theory of Relativity [8], which Vladimir Agakov had composed 
from Zelmanov's lectures and articles, gives a very fragmented ac- 
count of the mathematical methods that prevents a reader from 
learning it on his own. The same can be said about Zelmanov's 
original papers, each no more than a few pages in length. Anyway 
the dissertation is the best for depth of detail. Sometimes Zelmanov 
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himself said that to use the mathematical methods of chronometric 
invariants in its full power would be possible only after studying 
his dissertation. 

The sole surviving manuscript of Zelmanov's dissertation is kept 
in the library of the Sternberg Astronomical Institute in Moscow, 
and the manuscript is in very poor condition. This is the fourth 
or the fifth typescript with handwritten formulae. From the hand- 
writing we can conclude that the formulae were inscribed by Zel- 
manov personally. Some fragments of the manuscript are so faded 
that it is almost impossible to read. I asked Larissa Borissova, who 
knew Zelmanov closely, beginning from 1963, to make a copy of the 
manuscript for me. She did so, and I therefore extend my thanks 
to her. 

In preparation for publication I reconstructed the damaged text 
fragments in accordance with context. Besides this, I introduced 
numerous necessary changes to the manuscript, because the termi- 
nology Zelmanov used in 1944 has became obsolete. For instance, 
Zelmanov initially called quantities invariant with respect to trans- 
formation of time “in-invariants”, however in the 1950’s he intro- 
duced the more useful term “chronometric invariants”. The latter 
term has become fixed in the annals of science. Symbols for num- 
erous tensor quantities have also became obsolete. Therefore I put 
the old terms in order in accordance with the contemporary termi- 
nology of chronometric invariants, which Zelmanov finished in the 
1960's. 

This book mainly targets an experienced reader, who knows 
the basics of the theory of chronometric invariants and wants to 
study the theory in detail. For such a reader the book will be a 
true mathematical delicatessen. I invite the reader to this delicate 
dinner table. Surely Zelmanov's mathematical delicatessen will sat- 


isfy the requirements of all true gourmets. bs 
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Introducing Chronometric Invariants 
(by the Editor) 


The essence of Zelmanov's mathematical method — the theory of 
chronometric invariants — is as follows. 

A regular observer perceives four-dimensional space as the 
three-dimensional spatial section z? = const, pierced at each point 
by time lines zt = const.* Therefore, physical quantities perceived 
by an observer are actually projections of four-dimensional quanti- 
ties onto his own time line and spatial section. The spatial section 
is determined by a three-dimensional coordinate net spanning a 
real reference body. Time lines are determined by clocks at those 
points where the clocks are located. If time lines are everywhere 
orthogonal to the spatial section, the space is known as holonomic. 
If not, there is a field of the space non-holonomity — the non- 
orthogonality of time lines to the spatial section, manifest as a 
three-dimensional rotation of the reference body's space. Such a 
space is said to be non-holonomic. In the general case, the space is 
curved, inhomogeneous, and deforming. 

By mathematical means, four-dimensional quantities can be 
projected onto an observer's time line by the projecting operator 
a _ ae 
ef EE 
the observer's four-dimensional velocity vector tangential to his 
world-line, while the projection onto his spatial section is made by 
the operator 

hag = —Jaß + babg ) 


which are satisfying to the properties bab% — 1 and hib* =0 requir- 
ed to such projecting operators. (Other components of the tensor 
hag are: hof — — go? + pop. na ——gg + b^ bg.) 

A real observer rests with respect to his reference body (b — 0). 
In other word, he accompanies to his reference body in all its 


*Greek suffixes are the space-time indices 0, 1, 2,3, Latin ones are the spatial 
indices 1, 2, 3. So the space-time interval is ds? — Jap dz“dz®. 
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motions. Such person is known as accompanying observer. Project- 
ions of four-dimensional quantities onto the time line and spatial 
section of such an accompanying observer (i. e. the observable pro- 
jections) are invariant in respect to transformations of time along 
the spatial section. Zelmanov therefore called such projections 
chronometrically invariant quantities, i.e. "bearing the property 
of chronometric invariance". Therefore all quantities observed by 
a real observer (who rests in respect to his references) are chrono- 
metric invariants. 
So, meaning a real observer (b —0), we have 


1 gio 


HI = , bo ss G0ab% — goo, di = gib = ; 
Ben 0 — 90a goo i = Jia JIo 
and also 
1 
hoo = 0, h — —g9 + —, h$-0, 
goo 
ho; — 0, h” = —g™, hi = 65 =0, 
hio =0, hi? = go, no = 95. 
Joo 
hik = —9ik + T j dites. gf, 
Thus, the chr.inv.-projections of a world-vector GO" are 
hR =L, AO 


Vv 900 
while chr.inv.-projections of a symmetric world-tensor of the 2nd 
rank, for instance Q°, are 


b^ Qu Ll Qoo f hie Qu, = Qo f hi Ke i ou. 
" Joo n V Joo dd 
Physically observable properties of the space are derived from 
the fact that the chr.inv.-differential operators 


LM 1 ð 2 ð DE 
a ër dai Ze d$ 
are non-commutative 
zéi *g? 8 1 H Me zë zéi 8 2 As zë 
ðriðt tôri c2 "oi Ozi0z*  OztOzy! 2 ^9 


and also from the fact that the chr.inv.-metric tensor hj, may not 
be stationary. The observable characteristics are the chr.inv.-vector 
of gravitational inertial force F;, the chr.inv.-tensor of angular ve- 


Introducing Chronometric Invariants 15 


locities of the space rotation A;,, and the chr.inv.-tensor of rates of 
the space deformations Dik, namely 


1 Ow OW Ki 
F; = 5 i a a => 1 a 
v 900 (s x) Jop c 
Lux, ` Ou: 1 goi 
Aik = H F; Fkvi), i=— , 
ES E A 2c? Lan kvi) R go 
1*8h; : 1*8ni* *Oln/ Rh 
DER Er D , D= SC 
2 Ot 2 Ot ot 


where w is gravitational potential, v; is the linear velocity of the 
space rotation, 
hin = —gin + EO = äu + - Ui Uk 
goo C 

is the chr.inv.-metric tensor, which possesses all the properties of 
the fundamental metric tensor gag in the spatial section. (Here 
h=det ||hix||, hgoo—-—9, while g= det ||gag||). Observable inhomo- 
geneity of the space is set up by the chr.inv.-Christoffel symbols 


ZER 1 m (*Ohim | Oh — "9 
jk = MI Ag, = sin ( M eee x) 


Ox ^ Og Oz" 

which are built just like Christoffel's usual symbols TZ, = g??l' iv 
using hj, instead of gag. A four-dimensional generalization of the 
main chr.inv.-quantities F;, Aik, and Dix (by Zelmanov) is: 


ee, Aap EE Ke, Dap = chihsdus; 


where aap = 1 (Va bg — Vg ba), dag = £ (Va bg + Vg ba). 

In this way, for any equations obtained using general covariant 
methods, we can calculate their physically observable projections 
on the time line and the spatial section of any particular reference 
body and formulate the projections in terms of their real physically 
observable properties, from which we obtain equations containing 
only quantities measurable in practice. 

Zelmanov deduced chr.inv.-formulae for the space curvature. 
He followed that procedure by which the Riemann-Christoffel ten- 
sor was built: proceeding from the non-commutativity of the sec- 
ond derivatives of an arbitrary vector 


2Aix "OG 


We Vie Qi V Vi Ot = 3 x 


+ HgiQ;, 
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he obtained the chr.inv.-tensor 

di SORE. PSAL j j 

Hy. = ace TFA H AT Ahm = Aki Aim» 

which is similar to Schouten’s tensor from the theory of non- 
holonomic manifolds. The tensor Hu differs algebraically from the 
Riemann-Christoffel tensor because of the presence of the space 
rotation Aj, in the formula for non-commutativity. Nevertheless its 
generalization gives the chr.inv.-tensor 


1 
Cīkij = q Hg Hiku + Hriji — Hüjk), 


which possesses all the algebraic properties of the Riemann- 
Christoffel tensor in this three-dimensional space and, at the same 
time, the property of chronometric invariance. Therefore Zelmanov 
called Cu: the chr.inv.-curvature tensor as the tensor of the ob- 
servable curvature of the observer’s spatial section. Its contraction 
term-by-term 


Cry = Okis =h Cun: C=C] = hiy 


gives the chr.inv.-scalar C, which is the observable curvature of 
this three-dimensional space. Chr.inv.-projections of the Riemann- 
Christoffel tensor are: 


dk «ijk 
| Ris uc RÝ! , e 
Xk? 0-0 ; YUk—- c 0 ; Z Sk. gk 
Joo v 900 


In this way, for any equations obtained using general covariant 
methods, we can calculate their physically observable projections 
on the time line and the spatial section of any particular reference 
body and formulate the projection in terms of their real physically 
observable properties, from which we obtain equations containing 
only quantities measurable in practice. 

This completes the brief introduction to Zelmanov’s mathemat- 
ical apparatus of chronometric invariants, that is required to better 
understanding of the Zelmanov book. 


o 


Chapter 1 
PRELIMINARY NOTICES 


$1.1 The initial suppositions of today's relativistic cosmology 


At the present time two main cosmological theories, referred to as 
"relativistic", exist. Both are theories of a homogeneous universe. 
They are also known as theories of an expanding universe. One of 
the theories is derived from Einstein's General Theory of Relativity 
(see, for instance, [1]), the other — from Milne's Kinematic Theory 
of Relativity [2]. Usually one calls the second of the cosmological 
theories "kinematic", while "relativistic" is reserved for only the 
first of them. We adhere to this terminology herein. 

The General Theory of Relativity and the Kinematic Theory 
of Relativity, being continuations of Einstein's Special Theory of 
Relativity, extend the Einstein theory in two different directions. 
From the logical viewpoint the theories exclude one another, and 
from the physical viewpoint they are absolutely inequivalent. In- 
equivalent also are the contemporary theories of a homogeneous 
universe — the relativistic and the kinematic ones. The first is 
one of possible cosmological constructions, based on a confirmed 
physical theory. Future cosmological constructions, built on its base, 
could be theories of an inhomogeneous universe. The second is a 
section of the Kinematic Theory of Relativity, pretending to be a 
physical theory, one of the main points of which is the cosmological 
principle (this principle leads to the necessity of homogeneity). It 
is possible to maintain from the relativistic theory that cosmology 
is deduced from physics there. On the contrary, the kinematic 
theory deduces physics from cosmology. Experimental disproof of 
the theory of a homogeneous universe must: (1) create the theory 
of an inhomogeneous universe on the basis of the General Theory 
of Relativity, in the first case; (2) overthrow the Kinematic Theory 
of Relativity itself, in the second case. 

We will not consider the Kinematic Theory of Relativity here. 
We will also have no use for the Special Theory of Relativity. So the 
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term “relativistic” will always connote a relationship to Einstein's 
General Theory of Relativity. 

The relativistic theory of à homogeneous universe is derived 
from the following suppositions. The first of them is: 


Einstein's equations of gravitation are applicable to the Uni- 
verse as a whole. 


This supposition defines the cosmological theory as relativistic, be- 
cause the supposition considers the Einstein equations 


1 
Gu, pa - 2S T)- AS. mv-0128 (L1) 
and their applicability at different scales. Suppositions, defining the 
theory as a theory of a homogeneous universe, can be formulated 
in different ways. Tolman (see [1], p. 362) merges them into the 
united supposition: 


If we take any point, in relation to which matter located near 
the point is at rest (on the average) at any moment of time, 
then observations we make at the point show that spatial di- 
rections are independent of one another in the "large scale" — 
in other words, the space is isotropic. 


A mathematically more useful statement of this supposition, but 
less obviously physical, has been introduced by Robertson [3]. 
This statement of the first initial supposition contains Einstein's 
equations with the cosmological constant, the numerical value of 
which, or even its sign, is an open problem in contemporary cosmo- 
logy. In general, the constant can be negative, zero, or positive. 
The cosmological constant of a positive numerical value had been 
introduced by Einstein [4] in his theory of a static universe". Later, 
Friedmann [5] developed the theory of a non-static universe, ad- 
ducing arguments by which the positive sign of the cosmological 
constant, or even its non-zero numerical value in general, could be 
eliminated. Therefore Einstein himself [6] subsequently excluded 
the constant from the equations. However, because the relativistic 
gravitational equations of the second order, in their general form 
(for instance, see [7], p. 269), are equations (1.1), relativistic cosmo- 
logy regularly uses the equations with the cosmological constant. 


*Cosmology uses the term "static" to mean a metric independent of time, while 
the General Theory of Relativity usually means it to be the non-orthogonality of 
time to space. 


1.2 The world-metric 19 


At the same time those cases where the constant is non-zero have 
mathematical interest rather than physical meaning. 

Contemporary cosmology peculiarly identifies the Metagalaxy, 
supposed infinite, with the Universe as a whole. For this reason 
we use the terms “neighbourhood” and "large scale” in the second 
initial supposition*, according to which we assume volumes elem- 
entary, if the volumes contain so many galaxies that matter inside 
the volumes can be assumed to be continuously distributed (see 
also $1.11). 


$1.2 The world-metric 


The second initial supposition implies the following: 


Any point, in relation to which matter located in the neigh- 
bourhood is at rest, can be considered as the centre of a spati- 
ally spherical symmetry (see [1], p. 368). 


This supposition, taking the relativistic equations of motion and 
Shur's theorem into consideration (for instance, see [8], p.136), 
gives the possibility of taking a coordinate frame which, being at 
rest (on the average) with respect to the matter, measures cosmic 
universal time — such time satisfies the conditions 


goo — 1, go = 0, 1-—1,2;3. (2.1) 


The space of this coordinate frame is a constant curvature space 
of curvature ic . This space, undergoing homologous expansions 
and contractions with 

k 


C-23g;,  k-041, BBI, (2.2) 


in conformally Euclidean spatial coordinates has the metric 


daz? + dy? + dz? 


k 


ds? = c*dt* — R? 2 
[1+ Eta 22) 


(2.3) 


The case of k= 4-1 had first been considered by Einstein [4] for 
his static model, and by Friedman [5] for the non-static models. 
The case of k=0 had first been considered by de Sitter [10] for the 


*We use the terms “neighbourhood” and “large scale" in this sense throughout, 
unless otherwise stated. 


20 Chapter 1 Preliminary Notices 


empty static model, by Lemaitre [11] for the non-empty non-static 
model, and by Robertson [3] for the non-empty models. The case 
of k — —1 had first been considered by Friedmann [12]. 

It is known from geometry that a space of k=+1 is locally 
spherical, a space of k 20 is locally Euclidean, and a space of k = —1 
is locally hyperbolic. Taking spherical symmetry with respect to 
any point, and applying to it the properties of coherence, we conclu- 
de that the space of k = +1 is elliptic (actually, doubly-connected) or 
spherical (actually, simply connected), and the spaces of k — 0 and 
of k— —1 are Euclidean and hyperbolic respectively (both spaces 
are infinite and simply connected). 


$1.3 Properties of matter 


Taking gag from (2.3) and substituting it into the Einstein equations 
of gravitation 


1 
GT — SE -KT — A off, (3.1) 
we deduce that only two functions of time, namely — the functions 
p=pl(t), p=pi(t), (3.2) 


exist, where T"" can be expressed by the formulae 


1 p p 
SEH = (p+ 2 2 g, (3.3) 
goo C C 
Tu =F gu, (3.4) 
qug, (3.5) 
or, in other words, 
PN p^ dz" da" De et? 
as (o+ 5) ds ds c g^ (36) 
where m 1 
T 
Z = „0,0,0 3.7 
ds V Joo ( ) 


is a four-dimensional velocity, which characterizes the mean mo- 
tion of matter in the neighbourhood of every point (irregular de- 
viations from the mean motion are taken into account with the 
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scale parameter p). Formula (3.6) coincides with the formula for the 
energy-momentum tensor of an ideal fluid*, the density of which 
is p and the pressure is p. Hence matter, in the idealized universe 
we are considering, can be considered as an ideal fluid, which, 
having a homogeneous density and pressure in accordance with 
(3.2), is at rest with respect to the non-static space. In other words, 
the ideal fluid undergoes expansions/contractions, accompanied by 
the non-static space. The pioneering work in relativistic cosmology 
undertaken by Einstein and Friedmann!, did not take the pressure 
into account. Friedmann was the first to consider the static models, 
so the case of p>0, p—0 is known as Friedmann’s case of an 
inhomogeneous universe. The first to introduce p » 0, was Lemait- 
re [15, 16]. 


$1.4 The law of energy 


One of the consequences, which could be deduced from the Ein- 
stein equations of gravitation, is the relativistic law of energy 


OT; 


H E 
remm OOV 9 pe _ 9, (4.1) 


As a result of (2.3) and (3.3-3.5), the equations (4.1) with u=0 
take the form 


ES: p 
x37 (e+ 5) =0, (4.2) 


where the dot denotes differentiation with respect to time. The 
equations (4.1) with u — 1, 2,3 become the identities 


0-0. (4.3) 


Equation (4.2) is one of the main equations of the relativistic 
theory of a homogeneous universe (the cosmological equations). We 
will refer to this equation as the cosmological equation of energy. 

Let us take any fixed volume of space, i.e. a space volume 
limited by surfaces, equations of which are independent of time. 
We can write the value V of such a volume as follows 


V = Rio, IIo ft, (4.4) 


*Ideal in the sense of the absence of viscosity, not in the sense of incompress- 
ibility. 

tWe do not take the works of de Sitter [9, 10], Lanczos [13], Weyl [14], and 
Lemaitre [11] into account, because they considered the empty models. 
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then the energy E inside this volume is 
E = pRPTgc?. (4.5) 


As a result of (4.4) and (4.5), we can transform the cosmological 
equation of energy (4.2) into the form 


dE + pdV =0, (4.6) 
which is the condition for adiabatic expansion and contraction of 
the space. 

In the Friedmann case, where 
p=0, (4.7) 
it is evident that 4B 
— —0 4.8 
SÉ (4.8) 
and because 
E Mes. (4.9) 
where M is the mass of a matter inside the volume V, we have 
dM 
—— =0. 4.10 
di (4.10) 


So in the absence of pressure the mass and the energy of any 
fixed volume remain unchanged. 


$1.5 The law of gravitation 


As a result of (2.3) and (3.3-3.5), the equations of the relativistic 
law of gravitation with u,v =0, with u =0, v=1, 2,3, and with u, Vv = 
=1,2,3 give the following formulae, respectively: the equation 


R K p 
3 = ( + 3 ) A, 5.1 
eR 2 P c2 T P 
the identity 
0-0, (5.2) 
and the equation 
R Pi k k p 
r2 nm. es ( ) A. 5.3 
c?R c2 R2 u R2 2 e c? = (53) 


Eliminating R from (5.1) and (5.3), we obtain 


R? k 
ZR +355 =Ko+A. (5.4) 
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Equations (5.1) and (5.3), as well as (5.4) and (4.2), are the main 
equations of the relativistic theory of a homogeneous universe (the 
cosmological equations). So, we will refer to the equations (5.1) 
and (5.3), and also to their consequence (5.4), as the cosmological 
equations of gravitation. 

It is easy to see that the cosmological equation of energy is a 
consequence of the cosmological equations of gravitation. 


$1.6 The system of the cosmological equations 


There are only two independent equations of the cosmological equa- 
tions, namely (4.2) and (5.4) 


T p 
(6.1) 


R? k 
+3—=Kp+A 


i c? R? R? 


The remaining equations can be deduced as their consequences. 
So we have a system of two equations, where three functions are 
independent, namely, the functions 


p=p(t), p=p(t),  R-R(t). (6.2) 


To find the functions we need to add a third independent equa- 
tion to the system. It could be, for instance, the equation of state, 
which links density and pressure. A form of the curves themselves 
(6.2) could be found without the third equation, if we were to make 
valid limitations on density and pressure. Usually one studies the 
curve of the third function of (6.2) under the supposition that 


dp 
07 >0, Æ <0 6.3 
p p ET: (6.3) 
On the one hand, for any substance, we have 
T0; (6.4) 


and also for radiations (including electromagnetic fields) we have 
qup (6.5) 


On the other hand, for ideal fluids (3.6) we have 


p 
T=p-35. (6.6) 
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So, in general, we have 


p 


Therefore, instead of (6.3), we can write 


p dp 
We will limit our tasks here, because we will consider only non- 
empty models — those models, where 


p>o. (6.9) 


DER 


$1.7 Its solutions. The main peculiarities. 


The main properties of solutions like R= R(t) can be routinely 
found for different A and k, by studying nulls of the functions 


A 
f (RA) = BP = 7 pP + SR? k, (7.1) 


see [5, 12, 17, 18] and [1], p. 359-405, for instance. 

In this case one makes a tacit supposition (which is physically 
reasonable) that the essential positive function R(t) is continuous 
everywhere, where the function exists. Moreover, one supposes its 
derivative continuous under R Z0 (besides, see $1.13). The main 
results the case p > 0 (6.9) give will be discussed in the next section. 
We will show here only several of the main properties of the func- 
tion R(t), obtained in another way, similar to the way we will 
consider in $4.19-84.23. First of all, it is evident that numerical 
values of R, between which the function R(t) (under the afore- 
mentioned supposition) is monotone, are: 

(1) zero; 

(2) finite minimal values; 

(3) finite values, which are asymptotic approximations of R from 
above or from below (under the conditions t —-Foo or t ——0o); 


(4) finite maximal values; 
(5) infinity. 
For all the finite values of R we write respectively, instead of 
(3.1) and (3.4), 
3È = B (oc? - 3p) R-- ACR, (7.2) 


3E? --3kc? = &poR? + APR. (7.3) 
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It is seen from (4.4-4.8) that the density changes as fast as R^? 
under zero pressure. It changes faster than R^? when the pressure 
becomes positive. Note also, because of the first and the second 
conditions (6.8), we have 


pR « (p+ 35) R<2R, (7.4) 


so, if pR approaches zero or infinity, then Lea ln also ap- 
proaches zero or infinity, respectively. 

Similarly, in the case of the density changes (7.3), it follows 
that when R approaches zero, p and R? approach infinity — the 
model evolves into the special state of infinite density (R2 — oo). As 
seen from (7.2) and (7.3), this case is possible under any numerical 
values of A and k. 

From the aforementioned density changes we can also conclude, 
when R approaches infinity, then the density and the pressure 
respectively approach zero — the model evolves into the ultimate 
state of the infinite rarefaction. Looking at (7.2) and (7.3) we note 
that the abovementioned evolution scenario is possible with A>0 
under any numerical values of k, with A—0 under only k=0 or 
k — —1, and the scenario is impossible with A « 0. 

When R transits its minimum value, i. e. when the model tran- 
sits the state of minimum volume, then R becomes zero and R is 
nonnegative. When R approaches a non-minimum numerical value, 
i.e. when the model evolves asymptotically to a static state, then R 
and R approach zero. It is evident that if R is static, the model will 
also be static. The formulae (7.2) and (7.3) for all the three cases 
give 

3k > AR, (7.5) 
0 « AR. (7.6) 


From this we can conclude that the transit of the model through 
the state of minimum volume, the asymptotic approach of the 
model to a static state, and the static models in general, can occur 
only when A>0, k — 4-1. 

When R transits its maximum numerical value, i.e. when the 
model evolves through the state of its maximum volume, then R 
becomes zero and Ë is nonpositive. Then, by formulae (7.2) and 
(7.3), we obtain 

3k > AR?, 


OZAR. (7.8) 
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So the transit of the model through the state of its maximum 
volume is possible with A 2 0 only for k —-F1, and it is possible for 
A «0 under any numerical values of k. 

Let us suppose that the model undergoes monotone transforma- 
tions of its volume. The transformations are limited by the state 
of the minimum volume or a static state from below, and they are 
limited by the state of the maximal volume or another static state 
from above. We will mark the lower and the upper ultimate states 
by indices 1 and 2, respectively. Then 


Ri >0> Rp, Ri < Ro, Pı > P2, (7.9) 


and formula (5.1) gives 
Pı < P2, (7.10) 


which contradicts the third of the conditions (6.8). So the supposed 
kinds of the evolution of the model are impossible (see also §1.13). 


$1.8 Types oi non-empty universes 


Let us make a list of the kinds of non-empty universes according 
to the contemporary classification of cosmological models* (for in- 
stance, see [18]). 


Static models or, in other words, Einstein’s models (Type E) 


In this case R remains unchanged. Equations (5.1) and (5.4) give, 
respectively 


K P\ rs 
k 
3a = Ke +A, (8.2) 


consequences of which are that p and p remain unchanged as well, 
and that A>0, k=+1. 

The Einstein models are unstable. Consequently, their fluctua- 
tions, their homogeneity unchanged, alter one or two of the quan- 
tities R, p, and p, so the models compress themselves up to the 
special state of infinite density, or, alternatively, up to the ultimate 
state of infinite rarefaction. Eddington [19] was the first to discover 
the instability of the Einstein models (as a matter of fact, the 
instability is evident if you consider Friedmann's equations [5]). 


*This classification, in its main properties, is in accordance with Friedmann [5]. 
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Models of the first kind — asymptotic, monotone, and oscillating 
models 


All the models evolve through the special state of infinite density. 

Asymptotic models of the first kind (type A1) change their vol- 
umes monotonically during their expansions or contractions be- 
tween the special state of infinite density, when time has a finite 
value £ — fo, and a static state, corresponding to the Einstein model 
when t=+00 or t=—oo. The aforementioned models are possible 
only when A »0, k — 4-1. 

Monotone models of the first kind (type Mı) change their vol- 
umes monotonically during their expansions or contractions be- 
tween the special state of infinite density, when time has a finite 
value £— io, and the ultimate state of infinite rarefaction, when 
t= roo or t= —oo. The models are possible with A >0 for any num- 
erical value of k, and with A=0 for k=0, k— —1. 

Oscillating models of the first kind (type O1) expand their vol- 
umes from the special state of infinite density, when t = tı, and they 
continue expanding up to their maximum volumes, when £-— to. 
Then they contract themselves into the special state of infinite 
density, reaching that state when t= t2 (t1, to, t2 have finite values). 
The models are possible with A 2 0 for k= 4-1, or with A «0 under 
any numerical value of k. 

When a model of any of the aforementioned kinds evolves 
through the special state, three cases are possible: 


(a) the type of model remains unchanged (it is always known for 
p — 0); 

(b) the type of the model changes from one to another; at the 
same time the new kind will also be of the first kind; 


(c) the numerical value of R, which is usually real, becomes im- 
aginary (R? changes its sign). 


Models of the second kind — asymptotic and monotone ones* 


The models do not transit through the special state of infinite 
density. 

Asymptotic models of the second kind (type A5) change their 
volumes during their monotone expansions or contractions between 
a static state, corresponding to the Einstein model, when t= roo, 


*Read about oscillating models of the second kind in 81.13. 
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and the ultimate state of infinite rarefaction, when t=-too. The 
models are possible only for A>0 and k = +1. 

Monotone models of the second kind (type M2) contract their 
volumes from the ultimate state of pure vacuum, when t=—oo, 
up to the state of their maximum volumes, when time has a finite 
value £—í5. Then the models go into expansion again up to the 
ultimate state of infinite rarefaction, when £ — +00. The models are 
possible only for A 7 0 and k= 4-1. 

Table 1.1 shows which kinds of non-static non-empty universes 
are possible under different numerical values of A and k. 


| Eco k=0 | k--1 
A>o | At M O Mi Mi 
A> M2 
| A= en Mi Mı 
| A«0 en Oi O: 


Table 1.1 Types of the models of non-static 
non-empty universes. 


In the cases of p>0 or p=0, the possible kinds of the models 
and their locations in the table's cells are the same. 


$1.9 Sections of relativistic cosmology 


Considering contemporary cosmology, we select five main prob- 
lems, which define its main sections. Three of them define sections 
of the relativistic theory itself — the dynamics, the three-dimen- 
sional geometry, and the thermodynamics of models of the Uni- 
verse. The fourth links the relativistic theory to Classic Mechanics. 
The fifth compares the theory with observational data. 

The main part of relativistic cosmology is the dynamics of the 
Universe. It consists of: (1) studies of the evolution of the models, 
the main results of which are given in 81.7-81.8; (2) studies of the 
stability of the models (this problem is not actually in the literature 
yet, besides the aforementioned stability of the Einstein models, see 
§1.8). The dynamics borders on the space geometry from one side, 
and on the thermodynamics from the other side. 

Related to the space geometry are the questions: which are the 
space curvature and the topological structure of the space? The 
main results of the studies are given in that part of §1.2, which is 
related to the properties of three-dimensional space. 


1.9 Sections of relativistic cosmology 29 


The thermodynamics of the relativistic homogeneous universe 
is historically associated with Tolman, who introduced the relativ- 
istic generalization of Classical Thermodynamics [1]. The first law 
of Tolman's relativistic thermodynamics is, naturally, the law of 
the conservation of energy (see [20] or [1], p. 292), one of the forms 
of which are equations (4.1). The second law of thermodynamics 
(see [21] or [1], p. 293) can be represented in the form 


1 8 dz" dQ 
Veg os (v ES V 2) di > —, (9.1) 


© 

where 9 and p. are the entropy density and the for-dimensional 
velocity of an elementary four-dimensional volume dX, respect- 
ively. The quantity dQ here is the gain of heat between the time 
borders of the volume through its spatial borders (O is their own 
absolute temperature). The inequality sign here is related, as it 
is evident, to reversible processes. The equality sign is related to 
reversible processes. In the case of the cosmological models we are 
considering, the first law leads to the condition of an adiabatic state 
(4.6). Under this condition, we can clearly see that there is no gain 
of heat in the model (it is also a result of the initial supposition that 
the model is isotropic, see 81.1). Taking it into consideration in a 
space of the metric (2.3), the second law of thermodynamics leads 
to the condition that the entropy of any fixed (in the sense of 81.4) 
volume does not decrease (compare with [1], p. 424) 


ð 
ot 

Matter in the model is being considered in general as a mixture 
of two interacting components — a pressured substance and iso- 
tropic radiations. In particular cases, interactions between the two 
components or the pressure of the substance can be absent. 

Let us mention another of Tolman’s main results related to 
the cosmological models we are considering. Arising from the fact 
that the models do not contain heat fluxes, friction, or pressure 
gradients, Tolman discovered that expansions and contractions of 
the models can be reversible (see [22] and [23]; and also [1], p. 322, 
p.426 etc.). This does not contradict models containing radiation, 
since every observer who is at rest can detect a flux of the radiation 
through his environment’s surface, of an arbitrary constant radius 
— from within under the expansions, and from outside under the 
contractions of the model (see [1], p. 432 etc.). Sources of irreversi- 


(eV) > 0. (9.2) 
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bility can be contained in only physical chemical processes within 
every element of the matter. The reversible expansions must ac- 
company transformations of a portion of the substance into ra- 
diation (a portion of the substance is annihilated), the reversible 
contractions must accompany the inverse process — the reconsti- 
tution of the substance (see [23] or [1], p. 434). Finally, because 
every fixed (in the sense of 81.4) volume has no constant energy, 
the cosmological model has no fixed maximum entropy, so the 
irreversible processes can be infinite — the model does not evolve 
into a state of the maximum entropy (see [24] or [1], p. 326 etc., 
p. 439 etc.). 

Relativistic cosmology is linked to Classical Mechanics by the 
analogy between the relativistic cosmological equations of a homo- 
geneous universe and the classical equations of a homologous ex- 
panding/contracting gravitating homogeneous sphere of an arbitr- 
ary radius. This analogy can apply only for the case of an ideal 
fluid — it has no tensions or pressure (p — 0). The analogy was first 
created by Milne in the case of A —0, k=0 (see [25] or [2], p. 304). 
Then McCrea and Milne studied the analogy in the cases of A=0, 
k 40 (see [26] or [2], p. 311). Finally, it was generalized for the case 
of A Z 0 (see [2], p. 319). In the last case, Newton’s law of gravitation 
must be generalized by introducing an additional force, producing 
an additional relative acceleration of two interacting particles (the 
acceleration equals the product of iAc? and the distance between 
the particles). If r, 0, and o are the polar coordinates of an arbitrary 
point on the spherical mass we are considering, where the origin of 
the coordinates can be fixed at any other point of the sphere (p is 
its density, y is Gauss’ constant, and e is the integrating constant), 
then in that case we obtain the condition of homology 


T= FENO, (9.3) 
the condition of continuity 
437 p-0, (9.4) 
the equation of motion (in the form, transformed for the small) 
37 = —4ryp + Ac?, (9.5) 
and the integral of energy 
22 


€ 
de = 8myp + A. (9.6) 
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Introducing the real function of time R(t), which satisfies the 
conditions 


R T k E 
= =-2 k=0,+1 9.7 
R r H R2 cT? H H H ( ) 
and taking into account 
Saz 
K = SCH ` (9.8) 


we transform (9.4), (9.5), and (9.6) to the form, which is identical 
to equations (4.2), (5.1), and (5.4) in the case of p=0. It is evident 
that the analogy we have considered facilitates determination of 
a link between the dynamics and the geometry of the relativistic 
homogeneous universe — the link between the evolution scenario 
of the models and the space curvature. 

The question *Does the cosmological theory correlate to obser- 
vational data?" remains. We reserve this question for $1.14. 


$1.10 Accompanying space 


As we have seen, the three-dimensional space in which the relativ- 
istic theory of a homogeneous universe operates is an accompanying 
Space — a space which moves in company with matter at any of its 
points. Therefore the matter is at rest (on the average) with respect 
of the space. So expansions or contractions of the space imply the 
analogous expansions or contractions of the matter itself. 

It is evident that the accompanying space is primary from the 
physical viewpoint. For this reason determining the geometric 
properties of such a space is of the greatest importance. In par- 
ticular, the question “Is the space infinite, or not?" is the same as 
the question "Is the real Universe spatially infinite, or not?", in a 
reasonable physical sense of the words. Geometric characteristics 
of the accompanying space are directly linked to observational data, 
because the data characterize cosmic objects, which are at rest (on 
the average) with respect of the space. 

We can say that relativistic cosmology studies relative motions 
of the elements of matter as the analogous motions of the elements 
of the accompanying space, and deformations of matter are con- 
sidered as the analogous deformations of the accompanying space. 

The idea of studying motions in this way is very simple. In fact, 
let us consider, for instance, two points 


r=a, EECH (10.1) 
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located on the z axis. The distance between the points along the 
axis can be expressed by the integral 


"E f vss. (10.2) 


where a is the necessary coefficient of the spatial quadratic form. 
In the coordinate frame, which accompanies the points (10.1), a 
and ĝ are constant, so the motion of the points with respect to one 
another along the z-axis will be described by the function 


a — a(t). (10.3) 


This method of studying motions is conceivable, of course, in 
Classical Mechanics too. At the same time in Classical Mechanics 
we have: (1) this method studying motions, as well as the standard 
studies of motions with respect to the static space of Classical 
Mechanics, as the final result must be based on equations of motion; 
(2) the geometrical properties of the accompanying space are the 
same as the properties of the static space. On the contrary, in the 
relativistic theory we have: (1) this method of studying deforma- 
tions of the accompanying space realizes itself by the equations of 
gravitation, the equations of motion remain unused; (2) in general, 
the geometric properties of the accompanying space are different 
from the properties of any other space, moreover the static space 
can be introduced in only an infinitesimal location. 


$1.11 The cosmological equations: the regular interpretation 


From the usual viewpoint the cosmological equations are consider- 
ed as the equations of the whole Universe, defining its “radius” R. 
From this viewpoint* the quantities 


k 
R 
D=35 (11.2) 


are the tripled curvature and the relative rate of the volume expan- 
sion of the accompanying space as a whole. The quantities p and p 


*Note, one sometimes means by "the radius of the Universe", the radius of the 


space curvature which, as is evident, equals B, 


Vk 
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are the average density and the average pressure of matter in the 
Universe. From such a viewpoint, of course, the next supposition 
is essential: 


Supposition A The Einstein equations are applicable to the whole 
Universe. 


This supposition, of course, is a far-reaching extrapolation (for 
instance, see [1], p. 331). At the same time, building the theory 
of the world as a whole, the supposition cannot be replaced by 
another now, because the others have proved less fruitful than it at 
this time. 

When we, from this standpoint, apply the homogeneous cosmo- 
logical equations to the real Universe, we suppose, first, that: 


Supposition B If we consider the Universe in the frames of the 
large scale, we can assume the Universe homogeneous. 


In this case, of course, in general, it is not supposed that this scale 
coincides with that scale we have mentioned in $1.1. This suppo- 
sition cannot be justified by any theoretical suppositions (physical 
or astronomical, or otherwise), at least at this time. Moreover, it 
is unknown as to whether the homogeneous state of the whole 
Universe is stable or not (for instance, see [1], p. 482). Applying 
the homogeneous models to the real Universe in any special case, 
we need to set forth a scale, starting from which the Universe 
will be supposed homogeneous. Contemporary applications of the 
aforementioned models to the real Universe identify the Universe 
with the Metagalaxy. In this case it is supposed: 


Supposition C The Metagalaxy contains the same quantity of mat- 
ter inside volumes less than the sphere of radius 10? parsecs 
and more than the sphere of radius 10° parsecs*. 


Next, the contemporary applications of the relativistic models to 
the real Universe suppose that: 


Supposition D The red shift in the spectra of extragalactic nebulae, 
proportional (at least, in the first approximation) to the dis- 
tances between them and our Galaxy, is a result of mutual ga- 
lactic recession (of the expansion of the accompanying space). 


*The radius 108 parsecs is in order of the distances up to the weakest in their 
light intensity of the extragalactic nebulae, observed with the 100in reflector. The 
radius 105 parsecs is in order of distances between the galaxies nearest to one 
another. It is evident that "elementary" must be supposed volumes of the order of 
107? cubic parsecs. 
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Finally, the contemporary applications of the relativistic models to 
the real Universe suppose: 


Supposition E Almost all the mass of the Universe is concentrated 
in galaxies. Alternatively, at least, to find the average density 
of matter in the Universe it is enough to take into account 
only the masses of the galaxies. 


Note that suppositions A and B are sufficient for deducing the 
cosmological equations (compare with 81.1). Suppositions C, D, and 
E play a part in comparing (in the qualitative comparison especially) 
the theory and observations. Supposition B is covered by Supposi- 
tion C. The last supposition is a powered expression of the sample 
principle (for instance, see [1], p. 363 and [2], p. 123), which is very 
fuzzy. This principle, specific for contemporary cosmology, sets up 
the known part of the Universe as a sufficient sample for studying 
the main properties of the whole Universe. 


$1.12 Numerous drawbacks oi homogeneous models 


The contemporary relativistic cosmology has numerous advantages 
in relation to pre-relativistic cosmological theories. In particular, 
the contemporary theory is free of both of the classical paradoxes, 
namely — the photometric* and the gravitational) which are ir- 
removable in pre-relativistic cosmology if the average density of 
matter in the Universe is non-zero! So the contemporary theory 
eliminates the heat death of the Universe, because it does not 
consider the contemporary state of the known fragment of the 
Universe as a fluctuation. Finally, the theory naturally explains the 
red shift, because expansions or contractsions of the accompanying 
space are inevitable (static states of the Universe are unstable). In 
particular, it provides a possibility of linking the expansions of the 
space to the fact that the substance we observe transforms itself 
partially into radiations*. 

Besides its advantages, the contemporary relativistic cosmology 


*The contemporary theory is free of this paradox, because the finite pressure of 
radiations in the Universe results in the finite brightness of the sky we observe. 

TExtrapolating the red shift up to infinity, we can also remove the photometric 
paradox under finite densities in non-relativistic cosmology. At the same time it 
creates the problem of the nature of the red shift itself. 

tEigenson's non-relativistic theory [27] sets forth the same link, however 
his theory requires an excessive loss of stellar masses; the stars transform into 
radiations. 
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has numerous drawbacks, which indicate that the theory is inappli- 
cable to the real Universe. Some of the drawbacks were mentioned 
in the previous 81.11, where we discussed Suppositions A and B. 
Other the drawbacks (they will be discussed in $81.14 and $1.15) 
are derived from comparison between the theory and observational 
data. Finally, the remaining drawbacks can be formulated as nota- 
tions on those properties of the models which are unreasonable 
from their physical sense or from more general considerations. 
As examples of such properties of the cosmological models, we 
mentioning the follows: 


1. The special state of infinite density. From the physical view- 
point, it is senseless to consider the real Universe under tran- 
sit through this state. So it is senseless to apply the cosmo- 
logical models to the real Universe under those conditions; 


2. To consider the contemporary state of the Universe we ob- 
serve as exceptional. This point, as we will see in the next 
section, is a peculiarity of all the asymptotic and monotone 
models (see [1], p. 399 etc.); 


3. To suppose the cosmological constant non-zero, having physi- 
cally unproved suppositions as a basis. Eddington (see [28], 
Chapter XIV) attempted to join relativistic cosmology and 
Quantum Mechanics. He attempted to show that the value 
of the cosmological constant is positive A » 0, k —--1 in this 
case, so the real Universe must be of the type A2. However 
his speculations are very artificial and questionable; 


4. The finiteness (the closure) of the space is a drawback from 
the general viewpoint. The supposition that space is closed, 
as Einstein and Friedmann made in their first models, had 
been recognized by them as artificial after the theory of a 
non-static infinite universe had been created [12, 29]. 


As we can see from $1.7 and $1.8 (for instance, see Table 1.1 in 

p. 28), there are no non-static models* which would be free of all 
the aforementioned properties, or even of three of them. Naturally: 
e All the models, which are free of the 1st property (the models 

of the second kind), possess all the remaining three properties 


Ag 


A>0, k=+41; 12.1 
STEE (12.1) 


*We exclude the Einstein models from consideration, because of their instability. 
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e All the models, which are free of the 2nd property (the os- 
cillating models), have the 1st property and also one of the 
others — the 3rd or the 4th property 


A20, k=+1 
[e 12.2 
Fco ua Ke 


e All the models, which are free of the 3rd property (the models 
with A — 0), have the 1st property and also one of the others 
— the 2nd or the 4th property 


A= s SC (12.3) 


e All the models, which are free of the 4th property (the spa- 
tially infinite models), have the 1st property and also one of 
the others — the 2nd or the 3rd property 


A20, Mi 
k —0,—1 : 12.4 
’ is o Mad) 


$1.13 Some peculiarities of the evolution of the models 


Let us consider some peculiarities of the evolution of the homogene- 
ous models we have enunciated in 81.12. 

Essentialis that R, and consequently any fixed volume, becomes 
zero under the special state of infinite density. Let us consider the 
lower border of the changes of R, where R has a break, however R 
itself is not zero (see 81.7), reaching a numerical value R, » 0. Then 
we can assume that p has a singularity, namely, it becomes infinite 
when R=R,>0 (a positive pressure is necessary, see [3] p. 72 and 
p. 82, or [1] p. 399 etc.). 

Examining (7.3) we can see that infinite density under finite R 


requires infinite E? and, hence, infinite &. The latter implies that 


two infinitesimally close points of the accompanying space move 
one with respect to one another with the velocity of light. At the 
same time, we know that the masses of all particles become infinite 
at the velocity of light. So any finite volume acquires infinite den- 
sity at the lower border of its changes (R, » 0). 

Considering the lower condition R; >0, we obtain the special 
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state of infinite super-density 
— 0o, (13.1) 


where, to remove R=0 with Rs » 0 in the lower limit of the changes 
of R, does not give any advantage. 

According to Einstein's opinion [6], which has been accepted 
by other scientists, the special states of infinite density can be a 
criterion for which some idealizations, such as the homogeneity of 
the Universe under the conditions of its maximum contraction, are 
absolutely inapplicable. 

Looking at the observable state of the Universe from the view- 
point of the asymptotic and monotone models, we can say that the 


exclusivity of the state, where p and Z have finite numerical values 
(see $1.14), consists of the following. We assume €; and ez any infi- 


nitesimal values of the quantities p and E , respectively. Then that 


time interval, during which the conditions 


> £2 (13.2) 


are true, is infinite in any of the aforementioned models. Therefore 
we can say of the asymptotic and homogeneous models: 
Supposing that observable properties of the Universe we know 
from its known fragment are law for all space, we conclude that 
the asymptotic and homogeneous models are rare and unique 
situations in time. 


As we saw it in $1.12, no homogeneous model, which would be free 
of the 1st and the 2nd properties we have mentioned above, exist. 
The models with the properties could be the oscillating models 
of the 2nd kind ( type O5), which change R between the finite 
minimum and the finite maximum. Such evolution of R, according 
to Tolman (see [30] or [1], p. 401 etc.), is possible for A>0, k= 4-1 if 
the third of the conditions (4.8) is violated in the contractions and 
the expansions. However, he found (see [1], p. 402, 430 etc.) that the 
said violations of the condition (6.8), and hence also the possibility 
that the homogeneous models of kind O2 can exist, cannot be justi- 
fied from the physical viewpoint. Moreover, the models have also 
the 3rd and the 4th properties anyhow. 

Assuming Az 0, we obtain more possible homogeneous models 
than it would possible for A—0. For instance, we can obtain the 
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models which, being free of the 1st property or of the 2nd and 4th 
properties in their sum, are impossible under A — 0. 

Similar considerations stimulate one to consider the cases of 
A#0 (for instance, see [16]). 

If we wish to obtain models which are free of the 1st property 
or of the 2nd and the 3th properties, then we arrive at the models 
with k=+1. Let us recall the final remarks in $1.2 in relation to 
it. In accordance with $1.2, the positive space curvature leads to 
the closure of space, necessary in only those models which are 
symmetric with respect of any of their points (the homogeneous 
models). In general, the relation between the curvature and the 
coherence properties, consisting of many more factors, has much 
greater possibilities. 


$1.14 The homogeneous models and observational data 


The red shift discovered by Slipher (see [10] and [7], p. 301 etc.) 
increases with distance and was initially considered in relation to 
the empty models [10, 31, 14, 11]. Lemaitre [15] began to consider 
the non-empty non-static models in the time between two events, 
which suggested qualitative grounds for them, namely, Hubble’s 
discovery that galaxies are approximate distributed homogeneous 
in space [32], and Hubble's discovery that red shift is approximately 
proportional to distance [33, 34]. 

The observational data he used gave numerical bounds of the 
following quantities: 

e Using Supposition E (see $1.11), the average density of matter 
in the Universe, p~ 107°! gramxcm ?. In accordance with 
the late bounding, the average density is ~ 1079? gram«cm ? 
[35, 36]; 

Using Supposition D, the data gave the relative speed of linear 


expansions of space, B =1.8x107!" sec-!, as the factor of pro- 
portionality between the expansion speed and the distance (in 
this bounding, he used measurements of the absolute bright- 


ness of all galaxies and their number in a unit of volume). 


Those bounds, in connection with some of other bounds, lead to 
the conclusion that in the contemporary epoch (even if we reject 
Supposition E), E 
p pe; KD< ui. (14.1) 
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hence, using the cosmological equations for numerical calculations, 
we can set p — O0. 
Moreover, as it is easy to see, 
R2 
Therefore, the following cases are possible in a homogeneous 
universe* 


k= +1 Ai, Mı, M 
nl E 


k —0,—1, Mı 

(14.3) 
A=0, k=-1, Mı 
A«0, k= —1, Oi 


To draw conclusions which would be more likely than the above, 
and to make quantitative tests of the relativistic cosmological equa- 
tions, more detailed observational data are needed on one hand and, 
on the other hand, some additional theoretical correlations between 
the observable values we use in the cosmological models. 

More detailed statistical data had been collected by Hubble [37]. 
Those data concern: 

(a) the average spectral type of galaxies; 

(b) the numerical values of the red shift ó — Ke in the spectra of 
the galaxies; their photographic stellar magnitudes go up to 
m —1'; 

(c) the number of the galaxies N(m), absolute stellar magnitudes 
of which go up to m — 21. 

From the necessary theoretical correlations, we select the fol- 
lowing 


$i {Im,m, 6; T) 0, (14.4) 
R R 
Bibel (14.5) 
O k 
$54 N(lm), Im; n, =z p =0, (14.6) 


*These are true, because the cosmological equations under conditions (14.1), 
(14.2) with A0, k=+1 become R>O (which is impossible in the models Ai 
and O1). 
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and also ME 
R R 
using which, we obtain 
dN RR 
$54—-,Ó0; cede 0s : 
dE ) 6; n, R' R’ \ 0 (14.8) 


Photometric distances lm here are the distances we calculate, 
using the inverse square law in photometry, from the stellar magni- 
tudes m corrected with the red shift in accordance with (14.4)*. The 
explicit temperature T' can characterize a galaxy, if its spectrum is 
approximated to Planck's spectrum. The number of galaxies in an 
unit of volume is n. The number of the galaxies, which range up to 
stellar magnitude m, is N(L4). The number of galaxies which range 
up to the numerical value 6 of their red shift, is N(6). Numerical va- 
lues of all the quantities are taken in the epoch of the observations. 

It is possible to compare the theory with the observations in 
different ways. Let us consider two of them: 

1. Assuming the numerical value 7T'z26000? the data (a) gave, 
employing (14.4), we can compare the data (b) with formula 
(14.5). As a result we can obtain, besides the known numerical 
value of BR the numerical value of Ë. Next, using (14.4) again 
and extrapolating the data (b) up to m — 21, i.e. for all the 
area of the data (c), we can compare the data (c) with (14.6). 
A result will be the numerical value of Ge Substituting the 
obtained values into the cosmological equations (5.1) and (5.4), 
we can obtain the numerical values of A and p. The value of p, 
as it is easy to see, will be obtained without Supposition E. So 
we can compare p with its known numerical value, obtained 
in the framework of Supposition E; 

2. Extrapolating the data (b) for all data (c) and eliminating m, 
we can compare the results with (14.7) and (14.8). A result 
will be, besides the numerical values of a and p we knew be- 
fore, the numerical value of B. Substituting the values into 
the cosmological equations (5.1) and (5.4), we can obtain the 


numerical values of A and rae Using the last value, we can 


*In non-Euclidean spaces and non-static spaces, the photometric distances are 
the same as regular distances in only the infinitesimal scale. 
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compare (14.4) and (14.6) with the data (b). We can also obtain 
the numerical value of T', which is in (14.4). This numerical 
value can be compared with the data (a). 


Hubble [37] followed the first approach. He used a method de- 
veloped by himself and Tolman [38]. Using the assumed numerical 


value T ~ 6000°, he found the values of A and E to be positive for 


Rx 1.45 x10? parsecs (this value of R is in the order of the radius of 
the contemporary volume of the space). He had also obtained the 
large value p= 6x107? gramxecm 7 and the type Mj. 

The second approach had been realised in McVittie's works*, 


who used McCrea’s formulae [43]. Assuming p ~ 1073? gramxcm~, 


he obtained negative values of A and ni negative (he assumed 
R~ 108-109 parsecs), the Universe's kind to be Ou, and T zz 7000?— 
7500°. 

The results we have mentioned above show that the theory of 
a homogeneous universe, with suppositions C, D, and E, deviates 
from the contemporary observational data. Moreover, as it follows 
from Hubble’s work, this difference applies to the classical me- 
chanical theory of the Metagalaxy as well as to the relativistic 
cosmological theory. McVittie explained the difference, supposing 
that the reason is that data (a), which, affecting the quantitative 
bounds significantly, are inexact. Eddington [44] explained it by 
arguing that other observational data are inexact. At the same time, 
to eliminate the difference, we actually need to take the extreme 
numerical values of the possible empirical data. Therefore we will 
examine Suppositions C, D, and E. 

To explain the difference via the falsity of Supposition E, we 
need very large masses of dark intergalactic matter (which does 
not undergo any interactions that we could observe). To elimi- 
nate the difference we can reject Supposition D (as had been 
shown in the Hubble study), however it requires the “degeneration 
of photons” which is hypothetical and physically unexplained. 
On the contrary, by the falsity of Supposition C, Shapley proposed 
[45, 46] his explanation of the difference, having a basis in observ- 
ational data. 


*The numerical values of p, 5, m and A used by McVittie had been obtained 


in [39, 40], the bounds of T' had been found by him in [41, 42], where he used 
an intermediate method to calculate other values. Therefore the method McVittie 
followed is logically contradictory. 
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$1.15 Non-uniformity of the visible part of the Universe 


The Harvard studies (Shapley and others) differ from the studies 
made at the Mount Wilson observatory (Hubble and others). Al- 
though the former studies penetrated less into the depths of space 
than did the latter studies, they do however take more facts into 
consideration (higher percentage of galaxies in the region studied). 
For these reasons the Harvard studies complement the Mount Wil- 
son data. In points of dispute, the Harvard studies take, possibly, 
greater weight. Collecting the results, we make the following points: 


1. Many galactic clusters of up to hundreds of galaxies exist. The 
tendency for galaxies to concentrate themselves into clusters 
is under discussion. Hubble thinks the tendency less clear 
than does Shapley. At the same time, the fact that the tend- 
ency itself exists is indisputable [47, 48]; 

2. From the galaxies which are not more distant than about 
3x10° parsecs, about two thirds are located in the northern 
galactic hemisphere [35]. This results from the fact that the 
massive galactic cluster in the Virgo constellation is in the 
northern hemisphere; 

3. From the galaxies which are not more distant than about 
3x107 parsecs, the larger part is located in the southern hemi- 
sphere [49, 47, 50, 46]. As shown by Shapley (see ibid.), this 
result does not contradict the Hubble data that both hemi- 
spheres have the same quantity of galaxies, which are not 
more distant than 108 parsecs [47, 36]; 

4. The number of galaxies (not more distant than about 3x107 
parsecs) in the strip 30? x120?, which covers the South Pole, 
being calculated for 1 square degree of the strip, has a grad- 
ient from the beginning of the strip to its end [50, 46]; 

5. The coefficient of proportionality between the red shift and the 
galactic distances is different in the two hemispheres [50, 46]. 


The 1st and 2nd results do not contradict Supposition C. They 
suggest, exclusively, that the Universe is certainly inhomogeneous 
and anisotropic on a scale less than the aforementioned. The 3rd 
result indicates that a density gradient in the Metagalaxy along 
one of its radial directions, and also an anisotropy produced by the 
gradient, exist. So Supposition C is very inaccurate. The 4th result 
indicates that an essential density gradient in the Metagalaxy, and 
also an essential anisotropy in the observed direction, exist. So 
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Supposition C is severely violated. Finally, the 5th result shows 
that the anisotropy of matter in the Metagalaxy exists in company 
with the anisotropy of its deformations. 

Taking Shapley's results into account, the 4th result mainly, 
McCrea [51] set up the next problem: find theoretical correlations 
between observable values, first, between the numerical values of 
the red shift and photometric distances, calculated with astronom- 
ical methods. He set up this problem within the framework of the 
suppositions: (1) the General Theory of Relativity is true in the 
region where the observable space objects are located; (2) some ad- 
ditional conditions, which do not need homogeneity and anisotropy, 
take a place in the region. In relation to the first supposition, 
McCrea took A —0 in the Einstein equations. An additional condi- 
tion he took into account was that matter can be assumed to be 
an ideal fluid without inner pressure. As a result of the latter, it is 
possible to utilise accompanying coordinates, where 


8goi 
—0 
at ] 


goo — 1, (15.1) 
so, besides (15.1), it would be possible to suppose time orthogonal 
to space everywhere, namely 


gi=0, i=1,2,3. (15.2) 


As a reason of the first of the additional conditions, McCrea 
pointed out that the peculiar velocities of galaxies are low. The 
second additional condition of McCrea has no simple physical inter- 
pretation. The condition had been introduced by him for only 
mathematical simplification*. 

Using his suppositions, McCrea found an approximate correla- 
tion between the numerical values of the red shift and the “project- 
ed distances” (which characterize distances to the observable space 
objects), and the density of matter at the point of the observations. 
He pointed out that he was not successful in linking the “projected 
distances” to the distances astronomical data give, and so he was 
unable to solve the problem he had set upt. 

McCrea’s failure is nonrandom and has also no explanation in 
mathematical difficulties. It is doubtful, in general, that McCrea’s 


*An analogous declaration had been made by Friedmann [5]. 

T*Projected distance” coincides with regular photometric distance in only the 
first approximation. At the same time it is insufficient, if we want to apply the 
correlation McCrea had found. 
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suppositions would be sufficient for determining theoretical corre- 
lations between the observable values. His suppositions could be 
sufficient for some qualitative conclusions on the evolution of the 
observable fragment of the Universe. So these would be enough 
for some steps toward building the theory of an inhomogeneous 
universe. As a result, it is possible that the aforementioned corre- 
lations in which McCrea was interested can be obtained only in the 
framework of the completed theory of an inhomogeneous universe. 


$1.16 The theory of an inhomogeneous universe 


The initial suppositions of the theory of a homogeneous universe, 
namely — the supposition we have mentioned in 81.1 or Supposi- 
tions A and B (see 81.11), cannot be justified. Those models, which 
can be obtained under the suppositions, have the properties we 
have considered in $1.12 and $1.13 to be inapplicable to the real 
Universe. The supposition that the known fragment of the Universe 
is homogeneous and, hence, is isotropic (see Supposition C, $1.11) 
is in contradiction to observational data. The arbitrariness of the 
existing theory and the necessity of building the relativistic theory 
of an inhomogeneous universe had been understood even before 
the contradiction had been found. However, the development was 
delayed because of mathematical difficulties in the problem"? In this 
consideration, the thesis that the Universe as a whole is identified 
with the Metagalaxy remained valid. At the same time various 
astronomers, namely — Mason, Fesenkov, Eigenson, and Krat [52, 
53, 54, 277, 55], conceive of the Metagalaxy spatially as limited (that 
the Metagalaxy is inhabited by numerous metagalaxies). One can 
link this viewpoint, actually unnecessarily, to Lambert's concept, 
according to which the Universe has a hierarchical interior of infi- 
nitely numerous levels [53, 54, 56]. 

The following suppositions for a method of building the theory 
of an inhomogeneous universe are reasonable. 


Suppositions All previous suppositions relate to the Universe as 
a whole. To replace them with the following suppositions on a 


*For instance, see [1], p. 330, 332, 363-364, 482, 486-488. Note that besides the 
"technical" difficulties, there is the principal difficulty that no universal boundary 
conditions for infinity exist in the relativistic theory of gravitation. If the properties 
of symmetry exist in, for instance, a homogeneous universe, then the properties 
compensate the absence of the aforementioned boundary conditions. At the same 
time we cannot attribute the properties to an inhomogeneous universe. 
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fragment of the Universe we are considering at each stage of 
this study*. 


1. Einstein's General Theory of Relativity is valid everywhere 
in the fragment we are considering. In addition, although 
only the case A—0 has an explicit physical sense, we can 
consider the cases A Z0, aiming to compare them with the 
former. So we take the cosmological constant valid in the 
initial equations. 

2. The volume we are considering is filled with matter, consist- 
ing of a monotonic distribution of substance! and radiations, 
in general. A difficulty with this however, is that the four- 
dimensional energy-momentum tensor, corrected for heat 
fluxes, has not yet been found (see [1], p. 330). This difficulty 
can be passed over, if we consider the transparency of the 
intergalactic space within the framework of the supposition 
that radioactive transfer dominates other transfers of energy. 
Supposing the interaction energy of two elements of matter 
negligible in comparison with the energy of each element, we 


can write 


where the first term here describes the substance free of heat 
fluxes, the second term describes the radiations. So we have 


T = (T), . (16.2) 


3. The fragment we are considering can be spanned, step-by- 
step, by coordinate nets which accompany the substance. In 
other words, numerous conditions, making such coordinates 
possible, take a place in the given fragment of the Universe. 
Because the substance (galaxies) is the “skeleton” of the Uni- 
verse, and because we use the accompanying coordinates in 
observational tests of the theory, the aforementioned coordi- 
nates have more physical meaning than coordinates accompa- 
nying the whole of the matter on the average? We note that 
under the suppositions we have made above, we have 


(15. 505 (16.3) 


*By studying an element of the Universe, we mean “a fragment we are consid- 
ering" as any infinitesimal (finite) volume, which contains this element. 

TThis is a “liquid”, or better, a “gas”, where galaxies are “molecules”. 

tBoth kinds of the accompanying coordinates are the same in a homogeneous 
universe. 
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thus we obtain, finally 
Tom (16.4) 


The way to build the theory of an inhomogeneous universe To re- 
tain considerations on the Universe as a whole from the be- 
ginning of the study. To split the study into the following 
stages. 


1. Consider the evolution of an element of an inhomogeneous 
anisotropic universe. The main point here is the following 
problem: is the evolution of universes of kind O2 really pos- 
sible, and what are the conditions of their evolution (if this 
kind of evolution can exist)? Actually, this is the question: 
can the oscillating models, which do not transit through the 
special state of infinite density, exist, and what are the condi- 
tions? If the answer is in the negative, then the assumed 
idealization is not applicable to the real Universe. 


The minimum of those scales where the second of the assumed 
suppositions is reasonable, is of the same order as that mentioned 
in 81.11. To study the Universe on this scale would be most de- 
sirable. At the same time, we can also use a scale, larger than the 
minimum, only if the "elements" of the Universe we have in the 
scale are infinitesimal in comparison to the Metagalaxy 
(if the Metagalaxy is infinite, then its elements can be assumed as 
large as desirable). Taking the latter into account, results of the 1st 
stage of the study can be applicable to very large fragments of the 
Universe. 

From the 1st stage of this study, we can go to the 2nd stage or, 
by passing this stage, directly to the 3rd stage, where the problem 
of space curvature has a special meaning. For this reason, we must 
take space curvature into account in the 1st stage of the study. 


2. Consider the case where the Metagalaxy is spatially finite. 
Analogously to the previous stage, the question about applica- 
bility of the type Os to all the elements of the Metagalaxy (and 
the conditions of its evolution, if it is applicable) has a special 
meaning here. In other words, we ask: are the special states 
of the infinite density absent throughout the four-dimensional 
volume, where the Metagalaxy is? If the answer is in the 
negative, then the assumed idealization is not applicable or, 
probably, the Metagalaxy's spatial boundedness cannot exist 
eternally. 
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3. Consider the case where the Metagalaxy is spatially unbound- 
ed and infinite (that is the Universe). The next question has 
a special meaning here: are any peculiarities in this four- 
dimensionally infinite volume, the Universe, absent, and what 
are the conditions of the peculiarities (if they exist)? To an- 
swer this question in the negative implies inapplicability of the 
accepted idealization, or that the Lambert concept (see p. 44) 
is true. In connection with the aforementioned question about 
the spatial infinitude of the Universe, the question about the 
space curvature has a special meaning. Unfortunately, the 
correlation between the curvature and the topological struc- 
ture of space has not been studied sufficiently*: the data we 
have under consideration are apparently, exhausted with 
some of the sufficient conditions of the spatial infinitude 
(see [57], p. 234 and 239). It is necessary to note that to apply 
any result we obtain in three-dimensional geometry to the 
case where time is everywhere orthogonal to space, requires 
further study. 


As a matter of fact, before we study an element of an inhomo- 
geneous universe, we need to build a mathematical apparatus, ac- 
cording to the physical contents of the problem!. We need to first 
find those equations by which we will study the Universe in each 
of its elements. 


$1.17 The cosmological equations: the local interpretation 


Let us consider the cosmological equations of a homogeneous uni- 
verse we know from the foregoing. The quantities p, p, p=38 (and 


their derivatives), and also C -3E, constitute the equations that 
characterize a homogeneous universe as a whole, as well as any of 
its elements. Under such “local interpretation” of the cosmological 
equations, the quantity R does not keep its physical meaning as the 
“radius of the Universe". For this reason, using (11.1) and (11.2) we 
exclude the radius R from the cosmological equations of gravitation 
(5.1) and (5.4), and also from the cosmological equation of energy 


*Except for constant curvature spaces, which play a part only in the theory of a 
homogeneous universe. 

TOf course, we need to develop this apparatus step-by-step at each stage of 
the study. 
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(4.2). As a result, the equations take the form 


1/8D 1.5 K p 
EL mS. =—— = A 17.1 
zm im) 5 (0732) +4, Käch 
1 a2 
dp p 
a +t D (e+ 5) =0. (17.3) 


The correlation between space curvature and expansions or 
contractions of space, which could eliminate formula (2.2), can be 
obtained from (17.1-17.3). Eliminating A, p, and p from them, we 
obtain 


OC 2 
—— -- DC — 0 17.4 
LET , (17.4) 
then, because of (4.4) and (14.2), we have 
18V 
D-——— 17.5 
V ðt’ ( ) 
whence " 
a (Y V C) 2 0. (17.6) 


The density p and the pressure p describe: 


(a) the state of matter throughout the space (D is the relative rate 
of the volume expansion of the matter); 


(b) the evolution (namely — the deformations) of the substance 
and its accompanying space; 

(c) the curvature ic characterizes the geometrical properties of 
the accompanying space. 


So having the local interpretation of the cosmological equations, 
we can say: 


e The cosmological equations of gravitation are the correlations 
the equations of the law of gravitation set up* between the 
quantities p, p, D, and ZC (the quantities characterize the 
state of matter, its deformations, and the geometrical proper- 
ties of the accompanying space); 


*That is, the correlations are set up by the equations of the law of gravitation, 
not by the equations of the law of energy, which is a consequence of the law of 
gravitation. 
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e The cosmological equation of energy is the correlation the 
equations of the law of energy set up between the aforemen- 
tioned quantities p, p, and D. In other words, this is the 
correlation between the state of the matter and deformations 
of the accompanying space. 


We are now going to consider the general case of the equations of 
the law of gravitation and of the law of energy in the accompanying 
coordinates. 

The quantities p and p, characterizing the state of matter, are 
contained in components of T,,, which consist of the equation of 
gravitation and the equation of energy. The quantity D, describing 
the evolution (i.e. deformations) of the substance and of its ac- 
Jik 

zo’ 
which are contained in the equation of gravitation and the equation 
of energy as well. The curvature ic , characterizing the geometrical 
properties of the accompanying space, is linked to the quantities 
Zär ji; Which are contained in the equation of gravitation, however 


it is absent in the equation of energy. Besides those mentioned 
O9oa 
Ozh’ 
in both equations (the quantities characterize the force field* of the 
accompanying space). 

Thus, in the general case, we can obtain: 


companying space, must evidently be linked to the quantities 


above, some other quantities, which are linked to can appear 


e The correlations the equations of gravitation set up between 
the quantities p, p, D, and iC, characterizing the state of 
matter, deformations and the geometrical properties of the 
accompanying space, and, possibly, the force field; 


e The correlations the equations of the law of energy set up 
between the quantities p, p, and D, describing the state of 
matter, deformations of the space, and, possibly, the force 
field. 


By analogy with the equations of a homogeneous universe, we 
will refer to the first as the cosmological equations of gravitation, 
and to the second as the cosmological equations of energy. In gener- 
al, we call the correlations between the aforementioned quantities 
(which characterize the state of matter, deformations and the geo- 
metrical properties of the accompanying space, and also the force 
field) the cosmological equations. It is evident that the cosmological 


*In the sense of Classical Mechanics. 
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equations of an inhomogeneous universe, being a generalization of 
the cosmological equations of a homogeneous universe, permit only 
their local interpretation. 

We will use the cosmological equations for studying elements of 
inhomogeneous universes. 


$1.18 Friedmann's case in an inhomogeneous universe 


This study realises only the beginning of the program we have 
mentioned above. We will limit ourselves to the first stage (see 
$1.16), where the main task is to consider the cosmological equa- 
tions and some of their consequences. From the consequences we 
will consider, mainly, the evolution of the volume of an element of 
an inhomogeneous universe, where we assume the matter a sub- 
stance" of positive density without any tensions or pressure. We 
also suppose the substance to be free of heat fluxes. Then, within 
the framework of arbitrary coordinates, its energy-momentum ten- 
sor is the tensor of an ideal fluid of infinitesimal pressure, that is 


qu ge o. Uo. (18.1) 


This case correlates the condition (4.7) in a homogeneous uni- 
verse! and, like the same case in homogeneous universe, can be 
called Friedmann’s case. 

To clarify that the Friedmann case in an inhomogeneous uni- 
verse relates to the same case in a homogeneous universe and to the 
general case of an inhomogeneous universe, we are going to make 
a list of those factors which are expected in the transfer from a 
homogeneous universe to an inhomogeneous one. 


Factors which do not link to the presence of pressure 


1. Anisotropy of deformations of elements of the accompanying 
space. 


2. Inhomogeneity of their density. 


*That is, here Zelmanov supposed the matter a substance without radiations. — 
Editor's comment. D.R. 

T Compare (18.1) with formula (3.6) under the condition (4.7). 

tNote that the density gradient in explicit form cannot appear in the 
cosmological equations, because no derivatives of the time component of the energy- 
momentum tensor with respect to spatial coordinates exist in the initial relativistic 
equations. This can be explained from the physical viewpoint, because the term 
"density gradient" has no meaning with respect to a single element of the Universe. 
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3. A field of forces, which act on test-bodies only in their mo- 
tions with respect to the coordinates we are considering (the 
coordinates which accompany to substance). 


4. The correlation between the Riemannian curvature and two- 
dimensional directions (i.e. anisotropy of the curvature). 


5. Inhomogeneity of the Riemannian curvature along all two- 
dimensional directions (i. e. inhomogeneity of the curvature)". 


Factors linked to the presence of pressure 


6. Viscosity, which manifests under anisotropy of the deforma- 
tionsl. 

7. Divergence of the three-dimensional stress tensor; in other 
words, inhomogeneity of pressure, linked to inhomogeneity 
of density. 


8. A field of forces, which put the inhomogeneity of pressure 
into equilibrium. 


9. A heat flux, linked to the inhomogeneity of pressure. 
10. A flux of momentum, linked to the heat flux. 


It is evident that the facts of the first group are different to the 
case we are considering from the Friedmann case in a homogeneous 
universe, the facts of the second group are different to the general 
case of an inhomogeneous universe. 

The Friedmann case in the theory of a homogeneous universe 
is inapplicable to thermodynamics. At the same time, this case is 
sufficient for dynamics and observational tests of the theory, and 
is that sole case which is applicable for comparing the theory with 
Classical Mechanics in strong form. Taking these as a basis for 
building the theory of an inhomogeneous universe, we can say that 
the Friedmann case cannot be applicable to thermodynamics; it is 


*The mean curvature gradient in explicit form cannot appear in the cosmological 
equations, because it must include the third derivatives of components of the metric 
tensor. 

TAs it has been obtained in the theory of a homogeneous universe (see §1.3), 
matter can be assumed to be an ideal fluid. Then, from the physical viewpoint, it 
can be a consequence of not only the absence of the viscosity, but also the presence 
of the viscosity under isotropy of the deformations. In other words, this is the 
fact we have also in Classical Hydrodynamics (for instance, see [58], p.544, under 
the conditions a =b =c #0 and f=g=h=0). Note that the viscosity of the “fluid”, 
consisting of “molecules-galaxies”, is four orders greater than the viscosity of water. 
It can easy be calculated, taking masses, volumes, and peculiar velocities of galaxies 
into the calculation. 
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the sole case whereby we have any hope of finding a strong analogy 
to the equations of Classical Mechanics. At the same time, because 
numerous factors are linked to light pressure in an inhomogeneous 
universe, we have no knowledge of how much the Friedmann case 
(and its consequences) differ from the general case in the spheres 
of dynamics, geometry, and its observational tests. We are limiting 
our attention by the Friedmann case here, because mathematical 
simplicity and physical obviousness recommend to first consider 
influences of only one of the groups of the factors, namely the first 
group of the factors, because those factors can be in action even in 
the absence of any factors of the second group (the last factors of 
the aforementioned are in action under only the presence of some 
of the factors of the first group). In our opinion, any reasons that 
pressure and its linked factors can be infinitesimal in the fragment 
of the Universe we observe in the present time, have secondary 
meanings. 

The next case, after the Friedmann case, could be considered as 
an approximation to the case of an inhomogeneous universe*. This 
is the case of 


H v 
qure aa £) T " ao p>0, p»50, (18.2) 
i.e. an ideal fluid — the mix of a substance and radiations under 
the 7th and the 8th factors. This case corresponds to the general 
case of a homogeneous universe, and it is the general case, where 
the condition (4.6) remains unchanged. 

To obtain the cosmological equations and their analysis we need 
to prepare the necessary mathematical apparatus and also methods 
to interpret numerous mathematical results we will obtain. These 
tasks will also be included in this work. 

We have given a brief survey of the theory and the tasks of our 
work. Looking forwards, we propose the following plan. To prepare 
the necessary mathematical apparatus (Chapter 2); To apply the ap- 
paratus to equations of physics (Chapter 3); To use the equations to 
obtain the cosmological equations and their consequences, consid- 
ering the Friedmann case in an inhomogeneous universe (Chap. 4). 

Keeping in mind that programme we have set forth in §1.16, we 
will complete each of the Chapters with results, more than it would 
be necessary. 


*It has been partially developed by the author, but the results are not included 
in this work. 
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$1.19 The mathematical methods 


Considering the proposed contents of Chapter 2, we must first con- 
sider the following problem: is the use of some special coordinate 
frames of the systems accompanying the Universe's substance, pos- 
sible and appropriate? 

Most simple are those coordinates where 


Jou = Óoa - (19.1) 


Very simple and physically rational are the coordinates where 


zog (9° 73) 2G, (19.2) 


proposed first by Lanczos [59]. Such coordinates have been used in 
physical studies by Fock (the “harmonic coordinates” [60]). 
However, generally speaking, both coordinate frames of the 
above are not of the accompanying coordinates kind*. So, consider- 
ing the conditions (19.1) and (19.2), we can associate the accom- 
paniment condition with only the case a=0, where the choice 
of time coordinate is fixed. So, using the special coordinates (of 
the accompanying ones) in general equations cannot give much 
simplification. Moreover, this is not good mathematically, because a 
circle of those simplifications, which could be possible in the partial 
cases, is much narrower under the special coordinates. Finally, 
this is inappropriate, for the following physical reasons. The special 
coordinate frames obstruct selection of physical quantities which: 


(1) are invariant with respect to those transformations, where 
the accompaniment of the coordinates to the substance is not 
violated; 


(2) contain not only the transformations of the spatial coordinates 
ail —x"(z,z?,33), | i1—1,2,8, (19.3) 

but also any transformation of the time coordinate, i. e. 
ge p o z1, x°, T°), a = 0,1,2,3. (19.4) 


Because of the physical equivalence of all time coordinates, 
among the things measured in the body of reference that we use, 


*We will use the harmonic coordinates, moving with respect to the 
accompanying ones, in §4.26. 
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the invariance with respect to transformations (19.4), in other 
words, the property of “chronometric invariance”, must be a prop- 
erty of all the main quantities and equations which characterize this 
body of reference. For this reason we retain attempts to apply any 
special coordinates, and so we set forth the main task of Chapter 2 
as the introduction of a three-dimensional tensor calculus, the main 
quantities and operators of which have this additional property of 
chronometric invariance with respect to transformations (19.4). We 
will refer to this new mathematical apparatus as the chronometric- 
ally invariant tensor calculus. Accordingly, we will refer to its 
objects and operators as chronometrically invariant tensors*, which 
characterize deformations of the accompanying space, its curvature, 
and its metric. 
Chapter 2 will be arranged into numerous thematic sections. 


A. $82.1-82.4 introduce three-dimensional quantities, both invari- 
ant with respect to (19.4) and non-invariant. The non-invariant 
quantities will be very helpful because of their property to 
take, as a result of our choice of a specific coordinate of time, 
the necessary numerical values!. 


B. §2.5-§2.7 introduce the generalized operators of differentia- 
tion with respect to time and spatial coordinates, invariant 
with respect to (19.4). The sections also introduce quantities 
(“force values" — the vector F; and the antisymmetric tensor 
Ajk) which characterize non-commutativity of the operators’. 


C. §2.8-§2.12 introduce the chr.inv.-metric tensor, the chr.inv.- 
tensor of the space deformations, the correlation between the 
tensors, and also consequences of this correlation. Equation 
(11.22), giving the correlation, is the most important result of 
the entire study’. 


*Chrinv.-tensors, in brief. Initially, Zelmanov called chronometric invariant 
tensors in-tensors, and the whole mathematical apparatus the in-tensor calculus. 
However the terms were unsuccessful, so Zelmanov replaced them with the more 
reasonable terms chronometrically invariant tensors and the chronometrically 
invariant calculus. — Editor's comment. D. R. 

tSee the method to vary the potentials — $3.7, $3.12, 83.17, and $83.20. 


182.7 gives the necessary and sufficient conditions of goo — 1 and "ër: =0 (15.1), 


and also goi =0 (15.2) can be written as F;=0 and Ajk =0, respectively. The 
operators give a possibility of bringing two cases, where the world-lines of an ideal 
fluid's current are Eisenhart [61] geodesics, together into a single case, which is de- 
fined by the condition Au =0 in the accompanying coordinates (p is pressure). 
SUnder accompanying coordinates (not only in relativistic mechanics but also in 
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D. §2.13-§2.15 introduce generalized covariant differentiation in 
self-deforming spaces, invariant with respect to (19.4). The 
sections also give the necessary generalizations of the 
Riemann-Christoffel tensor and Einstein’s tensor. 


E. §2.16-§2.19 introduce chr.inv.-tensor quantities, which de- 
scribe rotational motions. The correlation between relative 
rotations of the elements of the self-deforming accompanying 
space and the space deformations is given there. This corre- 
lation, as seen from formula (19.19) in §2.19, implies a result 
similar to the well-known equation 


rot rot ¥ = grad div ¥ — V? y (19.5) 


if: (1) we re-write the equation in the form 
1 " DNE: S EN 
> rot rot Y = (grad div y — 5 rot rot v) — V*Y, (19.6) 


and (2) we take V to be the vector of velocity. 


F. §2.20-§2.22 introduce chr.inv.-tensor quantities which char- 
acterize the curvature of the self-deforming accompanying 
space. The quantities are the chr.inv.-tensor generalizations of 
the curvature tensors, the curvature scalar, and Ricci's tensor. 


Using only the relativistic equation of the four-dimensional in- 
terval ds? as a basis for this study, Chapter 2 does not use any 
additional equations or additional physical requirements. 


$1.20 Relativistic physical equations 


Because we will deduce the cosmological equations in Chapter 4, we 
must consider relativistic physical equations before that Chapter. 
This will be done in Chapter 3. We must first clarify the physical 
(mechanical) sense of the “power quantities” F; and Aj, on the 
one hand, and, on the other hand, obtain chr.inv.-tensor quantities 
which describe force fields. Both tasks need to establish the equa- 
tions of geodesic world-lines in chr.inv.-tensor form and to compare 
them with the equations of Classical Mechanics. We must introduce 
chr.inv.-tensor quantities which characterize states of matter. This 
task requires deduction of components of the energy-momentum 


Classical Mechanics), this correlation implies that a third interpretation of motions 
of continuous media exists, besides those of Euler and Lagrange. 
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world-tensor in chr.inv.-tensor form. Finally, introducing chr.inv.- 
tensor quantities which characterize states of matter, deformations 
of space, space curvature, and forces acting in the space, we must 
obtain equations of the law of gravitation and the law of energy in 
chr.inv.-tensor form. So the main task of Chapter 3 is to translate 
the main relativistic tensor quantities and the equations into the 
"specific language" of the mathematical apparatus of chronometric 
invariants (see the apparatus itself in Chapter 2), clarifying the me- 
chanical sense of the "power quantities" simultaneously. 
Let us make a list of the main themes contained in Chapter 3. 


A. §3.1-§3.3 give three-dimensional tensor equations for compo- 
nents of the world-metric tensor and also for Christoffel's 
world-symbols of the 1st and the 2nd kind. Very significant in 
the consequences (see 83.14-83.17) is the fact that the afore- 
mentioned tensor world-quantities Q, all indices of which are 
not zero, are linked to the appropriate three-dimensional ten- 
sor quantities T' of the same indices by the linear equations 


=+T +a, (20.1) 


where the additional term a can be a three-dimensional quan- 
tity or zero. 


B. §3.4-§3.6 introduce (after the chr.inv.-vector of the velocity 
of light introduced in §2.9) chr.inv.-tensor characteristic of 
a point-mass — its mass, energy, and momentum, invariant 
with respect to (19.4). The generalized total derivatives of the 
quantities with respect to time are also given there. As we ex- 
pect, after we apply the chr.inv.-tensor apparatus, these rela- 
tions between the physical quantities considered are similar to 
the relations we know from the Special Theory of Relativity. 


C. §3.7-§3.9 deduce the equations of world-geodesics in chr.inv.- 
tensor form. The chr.inv.-equations obtained give the dynamic 
equations and the theorem of energy of a point-mass, which 
can be compared with the appropriate equations of Classical 
Mechanics. This comparison justifies the terminology we have 
used for *power quantities", because they are characteristics 
of force fields; namely, the chr.inv.-vector F; plays the part 
of gravitational inertial force, calculated with a unit mass, the 
chrinv.-tensor Ajg (or the chr.inv.-vector Qt, appropriating 
the Ajk) plays the part of the momentary angular velocity of 
the absolute rotation of the reference frame in the formula 
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for the Coriolis force. As it is easy to see that the “power 
quantities" F; and ( relate those factors (see §1.18), which 
can be expected in the transfer from a homogeneous universe 
to an inhomogeneous one: P; correlates the 8th factor (the 
field of forces, which put the effect of the spatial inhomogene- 
ity into equilibrium), Q? correlates the 3rd factor (the field of 
forces, which act only upon bodies in motion with respect to 
the coordinates accompanying the substance). In our opinion, 
this result is very important". 


D. $3.10-83.13 obtain components of the energy-momentum 
world-tensor in chr.inv.-form, express them with the mass 
density, the momentum density, and the kinematic stress ten- 
sor, invariant with respect to (19.4). Using the results, we 
obtain world-equations of the law of energy in chr.inv.-tensor 
form. The equations obtained for the law of energy (the scalar 
equation for the energy density, the vector equations for the 
momentum density) contain only chr.inv.-tensor quantities, 
which characterize states of matter, its evolution, the space 
deformations, and forces acting in the space. 


E. $3.14-83.17 give components of Einstein's world-tensor in 
chr.inv.-tensor form. This operation requires tedious formal 
algebra, but results in numerous very compact formulae. As a 
result of $3.1-83.3, spatial components of the Einstein world- 
tensor are linked to components of the appropriate three- 
dimensional tensor by equations like (20.1). 


F. $3.18-83.24 develop the equations of Einstein's law of grav- 
itation into chr.inv.-tensor form. As a result, we obtain the 
scalar equation of gravitation, the vector equation, and the 
tensor equation. The equations consist of only chr.inv.-tensor 
quantities, which characterize states of matter, its evolution, 
the space deformations, and forces acting in the space. It 
is interesting that the vector equation can be considered as 
a differential equation with respect to the angular velocity 
vector of the “geodesic precession” (see 84.10). 


*In particular, this result has the following consequences. The physical sense 
of the supposition (see §1.15) that time is everywhere orthogonal to space go; =0 
(15.2), which was unknown to Friedmann and McCrea, is the absence of the Coriolis 
effect (the absence of the “dynamic absolute rotation”, in the terminology of the 
Ogoi 

ot 
that those forces which could put the pressure gradient into equilibrium, are absent. 


Chapter 4). The physical sense of the conditions goo = 1, =0 (15.1) is merely 
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All the results of Chapter 3 are not linked to any limiting suppo- 
sitions, related to kinds of matter or relative motions of the coordi- 
nate systems we use. The entire problem statement and the results 
are independent of both the mathematical viewpoint and the phys- 
ical viewpoint. This fact, in our opinion, suggests the following. The 
mathematical apparatus of chronometric invariants we give in Chap- 
ter 2 could be a natural form of physical equations in those cases, 
where the complex of coordinate systems, which are at rest with re- 
spect to each other, plays a special part. One such case is relativistic 
cosmology, because it uses accompanying coordinate frames. 


$1.21 Numerous cosmological consequences 


Beginning with Chapter 4, which is actually the cosmological part 
of this study, we will give numerous notes on the cosmological 
equations in the Friedmann case, namely — on those 10 factors 
(see $1.18), which differentiate the inhomogeneous universe from 
the homogeneous one. 

The absence of pressure and also of the 6th, 7th, 9th, and the 
10th factors, linked to it, must be taken into account. It is necessary 
to do this when we introduce quantities which characterize states of 
matter and its evolution (if the quantities are taken in coordinates 
accompanying the substance), into the cosmological equations. The 
absence of the 8th factor, i. e. when the vector F; is zero, must be 
obtained as a consequence of the cosmological equations. Looking 
at the factors of inhomogeneity, we can say that the 2nd and the 5th 
factors cannot appear in explicit form in the cosmological equations. 
For this reason the factors manifest their links to the other factors 
of inhomogeneity (the 1st, 3rd, and the 4th factors) only under 
consideration of a finite or infinite volume of the space. The re- 
maining factors of inhomogeneity (the 3rd of them appears as the 
vector Q*) are linked to the nonequivalence of two-dimensional 
directions*, so they can be called the factors of anisotropy. These 
factors can affect the evolution of "isotropic" characteristics of any 
element of the Universe — its volume, density, mass, and the mean 
curvature of the space, linked to the factors and also one to another 
by the cosmological equations. From this we can appreciate that, 
concerning the evolution of one of the "isotropic" characteristics, 
we need to consider not only the evolution of other "isotropic" char- 


*The nonequivalence of two-dimensional directions in three-dimensional space 
is the same as the nonequivalence of one-dimensional directions. 
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acteristics (just as we did in the theory of homogeneous universe) 
but also the factors of anisotropy. The factors of inhomogeneity can 
be expressed as relations between themselves on the one hand, and 
the relations between them and the evolution of the "isotropic" 
characteristics on the other hand. To do this we must take the 
cosmological equations and replace the tensor equation we are writ- 
ing in the abstract form 


BE =0 (21.1) 


1 


with the equivalent system of equations: (1) the scalar equation 
B=0 (21.2) 


which we obtain by contraction of equation (21.1); and (2) the ten- 
sor equation 


1 
Be 3 hB =0, (21.3) 


which becomes an identity after contraction (see the “main form” 
of the cosmological equations). 

After the foregoing has been established, we formulate the main 
task of our cosmological problem (see the beginning of §1.18) more 
precisely. So the main task of Chapter 4 is to obtain the cosmolo- 
gical equations for the Friedmann case in an inhomogeneous uni- 
verse, and also numerous their consequences thereof, which char- 
acterize: (1) factors, which are unnatural in homogeneous models; 
(2) effects of the unnatural factors on the evolution of the main 
“isotropic” characteristics of an arbitrary element of an inhomo- 
geneous universe (the evolution of its volume being the main task). 

Chapter 4 will also be arranged into numerous thematic sections. 


A. $4.1-84.4 introduce suppositions on those kinds of matter 
which pertain to the Friedmann case, and also coordinates 
accompanying the substance. To describe deformations and 
relative rotations of elements of the substance, we use quan- 
tities characterizing the analogous motions of the elements 
of the space. We also introduce the possibility of using the 
accompanying coordinates, on a basis of general suppositions 
on motions of the substance. 


B. §4.5-§4.8 give the cosmological equations in their ”main 
form”, and also set forth the possibility of introducing the 
primary coordinate of time at any given point of the space 
(this possibility is derived from the fact that the vector F; 
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can be reduced to zero at any point). The *main form" of the 
cosmological equations shows that if the scalar cosmological 
equations characterize an element of the Universe, independ- 
ent of spatial directions, and the tensor equations characterize 
anisotropy of the element, then the vector cosmological equa- 
tion of gravitation links the evolution of the element to the 
evolution of its neighbouring elements. 


84.9-84.13 consider the factors of anisotropy and also rela- 
tions between anisotropy and inhomogeneity. Let us mention 
of those results that: (1) the vector cosmological equation, in 
its mechanical sense, is a differential equation with respect 
to the angular velocity vector of the “geodesic precession”; 
(2) dynamic absolute rotations cannot disappear or appear, 
which is a peculiarity of this factor of anisotropy; (3) the 
law of transformations of the vector Q* under deformations 
of the element; (4) the deformations can be anisotropic in the 
absence of other factors of anisotropy, which is a peculiarity 
of only the anisotropy of deformations; (5) the presence of 
inhomogeneities in a finite volume is necessary, if the volume 
is isotropic; (6) a static model, which differs from the Einstein 
static model, can manifest when Q =0. 


84.14-84.18 consider the scalar cosmological equations, gene- 
ralizing the equations of the theory of a homogeneous uni- 
verse. Using the scalar equations, we obtain the laws of trans- 
formations of the mean curvature of the space and of the 
density of the substance under transformations of the volume 
of the element. We also make some preparations in considera- 
tion of possible kinds of evolution of the volume under trans- 
formations of an arbitrary time coordinate. Let us mention 
of those results that: (1) anisotropy of the space curvature 
does not act directly on the evolution of the "isotropic" char- 
acteristic of the element; (2) the mass and energy of the 
element remain unchanged (as for a homogeneous universe 
when p=0); (3) the mean curvature of the space can change 
sign, if the anisotropy factors are present in the space; (4) the 
mean curvature (taken in an element) undergoes changes due 
to the space deformations, just as in homogeneous universe, 
if the element of an inhomogeneous universe is isotropic. 


84.19-84.23, as well as $1.7, consider states between which 
monotonic transformations of the volume of an arbitrary ele- 
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ment are conceivable. For an isotropic element, we obtain the 
same results as in a homogeneous universe. The anisotropy 
factors lead to: (1) additional different states, which are pos- 
sible for given numerical values of the cosmological constant 
and the mean curvature of the space; (2) states which are un- 
known in the theory of a homogeneous universe; (3) removal 
of the prohibition of the transformations, limited from above 
and below, which is most important. 


F. 84.24-84.28 consider possible kinds of evolution of the volume 
of an arbitrary element. First, we consider the evolution in 
the interval of monotonic deformations. Then, in that interval, 
where the volume and its density remain unchanged. The an- 
isotropy factors make the types of evolution which are possible 
for given numerical values of the cosmological constant, more 
numerous. The aforementioned factors result new kinds of 
evolution, which are impossible in the case of a homogeneous 
universe. In particular, it is very essential to note that the 
anisotropy factors result in a new oscillating model of the 
O» kind, which does not transit through the special state of 
infinite density. Let us mention the most important results: 
(1) for an element of an inhomogeneous isotropic universe, 
the possible kinds of transformations of its volume which 
are possible for given numerical values of the cosmological 
constant and the given sign of the mean curvature (or, when 
the mean curvature is zero), are the same as those in a homo- 
geneous universe; (2) for anisotropic deformations in the ab- 
sence of dynamic absolute rotations, new kinds of evolution 
(in comparison with a homogeneous universe) can exist only 
for A>0,* and the kind Os can exist only when the mean 
curvature is positive; (3) in the general case of anisotropy, 
including also dynamic absolute motions, new kinds of evolu- 
tion (between which is the kind Os) are possible for any 
numerical values of the cosmological constant, so that there 
are no limitations on the sign of the mean curvature. 


The results show that dynamic absolute rotations (the Coriolis 
effect) can play a very important part in the Universe. 


o 


*For this reason, only the kinds M; and O; are possible under McCrea’s suppo- 
sitions (see 81.15). 


Chapter 2 
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$2.1 Reference frames 


The general transformations of coordinates of a system S into co- 
ordinates of any other system S’ 


eae (et eee"), = 0\4, 2,3 (1.1) 


can be written in the form 


r” = 2°’ (x°, 21, £2, 23) 


el cu (1.2) 
mt (ae eet peus ne c eiu 

Greek indices can be 0, 1, 2, 3, Latin indices only 1, 2, 3* Let us 
consider a particular case of the transformations (1.2), where the 
condition " 


— =0 (1.3) 
holds, i. e. transformations like 


g 2° (z9, zi. 22,3) 


; f (1.4) 
qi z* (21, 22,23) 
Because of (1.3), we have 
of 

d Oci : 
dr? = —— da? 1.5 
t= ae (1.5) 

and also 

dz? =0, (1.6) 


*In other words, Zelmanov denotes space-time indices in Greek, and spatial 
indices Latin. This implies that he considers a four-dimensional space-time of 
signature (+———), where time is real and spatial coordinates are imaginary. Because 
of the latter fact, the three-dimensional observable impulse (the projection of the 
four-dimensional impulse vector on the observer’s spatial section) is positive, for 
benefit in practical calculations. — Editor's comment. D. R. 
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so we obtain 
sF 


dri =0. (1.7) 
On the other hand 
, Oz) | Ox, 
da) = da? + —dz*. 1.8 
3x” zi ( ) 


Because equation (1.6) gives (1.7), we have 


Oz) 


aw (1.9) 


We distinguish the term "reference frame" from the term "co- 
ordinate frame”. We will say that coordinate frames S and S' are 
of the same reference frame, if the conditions (1.3) and (1.9) are 
true for them. Besides this, the systems S and S’ are of the same 
reference frame, because 


ark” 
Aa = (1.10) 
Since in the general case we have 
ark" ëch! Gef! ack" Oxi" (1.11) 
Oz? ƏL” Oz9 ^ Agi’ Axo’ l 
(1.3) and (1.10) give 
ark” 
SCH zo, (1.12) 
z 


i.e. the coordinate frames S and S" are of the same reference 
frame. In other words, if the coordinate frames S and S’ are linked 
by the transformations (1.4) and the coordinate frames S and S" 
are linked by the same transformations (1.4), then the systems S 
and S” are also linked by the transformations (1.4). 

In this way we can define a reference frame as the sum of those 
coordinate systems which are linked to one another by the trans- 
formations (1.4). From the viewpoint of mechanics, we can specify 
a physical sense of a reference frame in general, via equation (1.5): 


A reference frame is a complex of those coordinate frames 
which are at rest with respect to one another. 


Let us take any reference frame and operate only with transforma- 
tions (1.4). We can modify them with the system of transformations: 
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(1) where the spatial coordinates change but the time coordinate 
remains unchanged 


rT” = r” 
dat 1.2 3) | : (1.13) 


x Le, x, x 


and (2) where the time coordinate changes but the spatial coordi- 
nates remain unchanged 


(1.14) 


Let us suppose that we have a relation which is true in this ref- 
erence frame. For its form to remain unchanged under any point- 
transformations of the four coordinates inside the reference frame 
it is a necessary and sufficient condition that the relation must 
retain its form, first, under the transformations (1.13) and second, 
under the transformations (1.14). So the relation must retain its 
form under the transformations 


zi = a (2,22, 2°), (1.15) 


z” = 2° (a9, al. ai, x3). (1.16) 


$2.2 An observer’s reference space. Sub-tensors 


We will use the three-dimensional space of a reference frame, the 
reference space in brief, defining any point of this space by a world- 
line 

qug = 1,2:3; (2.1) 


in this reference frame (a^ are some numbers). Then the transfor- 
mations (1.15) can be considered as coordinate transformations in 
this space, so there is the possibility of using three-dimensional 
tensor calculus here. We call tensors of this three-dimensional cal- 
culus sub-tensors to distinguish them from the usual four-dimen- 
sional tensors. It is evident that the world-invariants and time com- 
ponents of world-tensors are sub-invariants (the three-dimensional 
invariants), while space-time components and spatial components 
of any world-tensor consist of sub-tensors, the ranks of which are 
the numbers of their respective significant (non-zero) indices. As a 
matter of fact, the subscripts imply covariance and the superscripts 
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contravariance. In general, we can write the symbolic equality 


E -1)(r-2 
(ep a0 pre TO le, OR Jo, (22) 


which implies the following: any (14-t)-dimensional tensor of rank 
r splits into t-dimensional tensors, namely — one t-dimensional 
tensor of zero rank (the invariant), r tenors of the 1st rank (the 


— 1)((r-2 
tensors of the 2nd rank, IDEE tensors of 


r(r 
vectors), 12-3 

the 3rd rank, etc. (£—3 in this case). It is to be understood that 
if the initial (1+ £)-dimensional tensor is symmetric, then some of 
the £-dimensional tensors of the initial tensor can be the same. It 
is easy to see, for instance, that the covariant metric world-tensor 
gu» Splits into the sub-invariant goo, the covariant sub-vector goi, 
and the covariant symmetric sub-tensor gi; of the 2nd rank. The 
contravariant metric world-tensor g"" splits into the sub-invariant 
g°°, the contravariant sub-vector ot. and the contravariant sym- 
metric sub-tensor of the 2nd rank g**. Naturally, the transforma- 
tions (1.13) give 


; j Ox) j Oz) Oz! 
Joo = 900; Joi = Joj ERI ` Jik = gj az Sch! ` (2.3) 
T jl 1 
/ T Ox? ik! 1025 Oz 
g% = goo. go! = g t g^ = oi e n (2.4) 


Numerous Christoffel world-symbols of the lst and the 2nd 
rank are also sub-tensor quantities. Really, considering the general 
transformations of the Christoffel symbols* 


Oz? är ärt Gre Oak 
/ EN | 
Uu = l'ag, € ggn Az" Gre! T Jeg OLL’ rr’ Axe! H (2.5) 
Oz? ƏL Az’ Got Ax’ 
H Oz! Az’! Ox* | Oz"'z"' OTE 
and taking (1.13) into account, we obtain 
Oz 
Dong = l'ooo , Dia = looi ; 
dx) SH Az! : de 
Poio = ojos; loss = Poiana aon! 


*Compare formula (2.6) with (33) of [62], p.412. Formula (2.5) can be obtained 
from (2.6) without problems. 
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ðr’ dx) 
Too. Se? Too» Too = Zo Qi = TO; 7) 
Oz? J ðr? (2 8) 
k'r dx) Oz" pO! — pO dz) Oz! 
Oi 938 " Or!’ ik Agri EL 


In other words, we have: I'oo,o and To are sub-invariants; I'oo,, 
Ingo, and T9. are covariant sub-vectors; D is a contravariant sub- 
vector; o; and Di, are mixed symmetric covariant sub-tensors of 
the 2nd rank, I9, is a symmetric covariant sub-tensor of the 2nd 
rank. At the same time, In, Tix, and I5. are not sub-tensors. 

We will introduce new sub-invariants, sub-vectors, and sub- 
tensors. For instance, the sub-invariant w and the sub-vector ue, 
which are given by the equations 


c2 
WwW v 
gi = - (1-5) =, (2.10) 
p 3 >0 (2.11) 


§2.3 Time, co-quantities, and chr.inv.-quantities 


We are going to consider the transformations of time (1.16). We will 
refer to sub-invariants, sub-vectors, and sub-tensors as well as any 
other quantities, which change their form under the transforma- 
tions (1.16), as co-quantities, that is, co-invariants, co-vectors, and 
co-tensors*. Sub-invariants, sub-vectors, and sub-tensors, invariant 
with respect to the transformations of time (1.16), will be referred 
to as chronometrically invariant quantities (in brief — chronometric 
invariants) thus, chr.inv.-invariants, chr.inv.-vectors, and chr.inv.- 
tensors. It is easy to see that goo, goi, gik, 9°°, and g% are co- 
quantities, while g** is chr.inv.-tensor. 


THEOREM! We assume that AN "2 is the component of a world- 
tensor, all superscripts of which are significant, while all m sub- 
scripts are zero. Next, we assume that Dog ois the time component 


* As you can see, the prefix “co” here and below has a different sense to that in 
Weyl’s geometry (for instance, see [7], p. 380). 
tWe call this theorem Zelmanov's theorem. — Editor's comment. D.R. 
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of a covariant world-tensor of n-th rank. Then, because of (1.16) 
or (1.14), we have 


x: T ax? V" 
1j...k ij... k 

AG o = Aan o EY (3.1) 

839 V" 
Boo...0 = Don (5) ` (3.2) 

and so the quantity p Ad. 
Qik =~ 00:05 (3.3) 
(Boo..0) ^ 


is the component of a contravariant chr.inv.-tensor. We will use goo 
for Don o. i.e. 

ij...k 
Ago... 


QU-k = 
Joo) 2 


(3.4) 


~ 


ri 
It should be noted, T is chr.inv.-tensor quantity (namely — 
the chr.inv.-vector), as it easy to see. 


§2.4 The potentials 


We will refer to the co-invariant w and the co-vector v; as the scalar 
potential and the vector potential, respectively. 

Let us show, taking any reference frame, that we can transform 
the time coordinate in that way, where the quantities W, 01, 05, 9s, 
for any pre-assigned world-point* 


: a? = const? , c = 0,1,2,3, (4.1) 


can take any preassigned system of their numerical values (9w),, 
(9$1)a, (t2)a, (93)a the condition (2.11) permits. Then, assuming that 


2° = Af, Ag = const, , (4.2) 


we obtain 


(900), = (B00), (Ao, ` (so), = [Pool Ai + (Gell Ao, — (4.3) 


Am (900); KE M V (Soi), 
V Gon’ ` v Goo), | (900), vV (Soo), 


*We denote the transformed quantities by a tilde, while the symbol a marks the 
same quantities at the world-point (4.1). 


H (4.4) 
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or, in the alternative form, 


Ao = S et f SH wo A= SCH (4.5) 


So the univalent numbers A, can be found independently of 
the numerical values of the potentials at the world-point under the 
previous time coordinate and their possible numerical values under 
any new time coordinate. 

We will refer to this method as the method of variation of 
potentials. As a matter of fact, this method provides a means by 
which the potentials any necessary numerical values at any world- 
point we are considering. Later in this study we will use this 
method of variation of potentials many times. Of particular im- 
portance will be the case where we make the potentials zero at a 
pre-assigned world-point. 


$2.5 Chr.inv.-differentiation 


The standard operators for differentiation with respect to the time 
coordinate and spatial coordinates, namely 
ð ð 
DI m 5.1 
0x9 ' Oz’ ’ Sc 
are, generally speaking, non-invariant with respect of the transfor- 
mations (1.14). In fact, we have 
[o) ð Oz? ð 


= 5.2 
62° ` x ðL 7 ðr? ' d, 


d EE : Gi 5.3 
Oz! ` Gärt 8x9 Ox’ 7 pu 


So we will refer to the usual differentiation as co-differentiation. 
Besides this, we can introduce a generalization of the usual dif- 
ferentiation, namely — chronometrically invariant differentiation 
with respect to time and spatial coordinates, operators of which 
are invariant with respect of the transformations (1.14). 

We assume that an arbitrary frame of coordinates 2°, zl. z?, a? 
exists. Let us introduce a new system of coordinates Z^, Si. 2?, 2?, 
which is of the same reference frame. Their differences are only 
that this new (tilde) coordinate frame has: (1) another time co- 
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ordinate 
ge Up 21 27,29) 
eros (5.4) 
Ech — i 
and (2) zero potentials at the world-point (4.1) so that 
(Soo), = 1, (Soi), = 0 ^ (5.5) 


Hence we have 


(ow), (255) =1, mo (SE) eso. o 


zO 
a?o Ja 


Considering the world-point (4.1), let us take the derivatives 
with respect to time and spatial coordinates of the new system at 
the given point. Next, let us transform the new coordinates into the 
old coordinate frame. As a result, we obtain 


ROE 
Lei: al (ses) o i | (5.8) 


At the same time, formula (5.6) gives 
purs. (ey és 
OË Ja (on), ` OF}, ` (goo). , 
ð 1 ð 
= .10 
(ss), (900), CR P 


we at Ge), eu 


Because (5.10) and (5.11) are true at any world-point in any 


— 


5.7) 


therefore 


system of coordinates 2°, zi, x’, z3, the differential operators 
*O 1 ð 
EE (5.12) 
02° ^ |/goo OTL 
CEPR E (5.13) 


Ari | Oz! goo 0x9 
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must be invariant with respect to the transformations (1.14) as well. 
We can see this fact directly. Naturally, we have 


h ð 1 8 ðr” 1 o (5.14) 
v goo Oz? i p 2 OT” 0x9 ` die OT’ : 
a, (27) 
ð gi O 9 gi 1 0 A, 8 Oa" 
Oz* goo 0x? ` Ort ëng ëng OTO Ər? Ər” Oa 
oi 

" d d (25) V Joo az — Oz! Joo OL% ` 
900 0 
Or 


For this reason we accept the asterisk-marked operators (5.12) 
and (5.13) the chr.inv.-differential operators with respect to time 
and spatial coordinates, respectively. The method we employed 
for obtaining the operators, namely — formulae (5.10) and (5.11), 
shows the geometrical sense which chr.inv.-differentiation has in 
the four-dimensional world. Chr.inv.-differentiation with respect 
to the time coordinate is the same as differentiation with respect 
to the local time of an observer at the point of his observations. 
Chr.inv.-differentiation with respect to spatial coordinates is spatial 
differentiation along a curve, which is orthogonal to the time line 
of the observer's reference frame. In fact, we have 


dA. SO Rf MEN, ð (dæ) 1 sd (5.16) 
ds) O2%\ ds ) x? V ds) goo 0T?’ i 


z'-—const zt=const z'-const 
"0 Ó 
E Ort SS 
goi—0 


Let us give other formulae expressing the operators of chr.inv.- 
differentiation. It is evident that 


= (5.18) 


(5.19) 
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If we introduce 


wW 
—— 5.20 
Uo E D ( ) 
then we have 
TO ð , Ve ð (5.21) 
0r? Oa?  c— vo ôx? ` ` 
If we introduce 
“if 
t= 5.22 
=, (5.22) 
then we have 
EE fe (5.23) 
Ot c-—wót! í 
"0 ð u O 
= - + (5.24) 


Or! ðr? c?—wOt. 


In addition to the above, it should be noted that if we assume 
that Q is a chr.inv.-quantity, i. e. 


Q'-Q, (5.25) 
the quantity satisfies the transformations (1.14), i.e. 
Wa / Wa 
CC (5.26) 


Or?! ` Axe’ 


so the chr.inv.-derivative of any chr.inv.-quantity is also a chr.inv.- 
quantity. 

It easy to see that the chr.inv.-derivative of a chr.inv.-tensor 
with respect to a time coordinate is a chr.inv.-tensor of the same 
rank. The chr.inv.-derivative of a chr.inv.-invariant with respect to 
spatial coordinates is a covariant chr.inv.-vector (chr.inv.-differen- 
tiation of non-zero rank tensors with respect to spatial coordinates 
will be considered below). 


$2.6 Changing the order of chr.inv.-differentiation 


Let us suppose that quantities we are differentiating satisfy the 
conditions 


ER ER 
— = ——. 6.1 
ðriðt  ðtðrİ’ (64) 
ER ER 
= f (6.2) 


Oz'Or* | Oz*Oxz: 
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Then we have, respectively, for the first of the conditions 
«92 ' org *O(*O\ _ 
Ozi0t  OtOz! Oz? (x) ot (sz) = 
|. 0 c 8 v ð ce 8 
E (a3) + 2 wot (a5) 
cà Or c 8 vuv có 
c? — w ôt (ax) c? — w Ot SE 
" c? Ow O c? EN Cu: OwO 
— (c? — w)? Ox? ôt tawar (c? — w)? ôt ôt 
cw 80? c? ER c? ðv; ð 
(2 —w)? ôt? c?—wóOt80z*  (c?— w)? ôt ôt 


cw Gm d cw 86 


(c? —w)? dt Ot | (c?—w)?0t? = 
8 c? Ow  OvuNO 1 Ow Ou; *8 
~ (c2—w)?\ dct  0tjOt c2—w\dz* ot / dt’ 


and for the second 


*92 zë M Me *6 Me Ma 8 
ðrtðrk | Gärkëän ` Oa! \ Ozk Oak Län! ` 


l (6.3) 


+ 


= ER , ð Uk ð Tm Ui 8? 
~ O0zi0zh © än \c2 —w ët ce —w Otdzk ` 
4 Ui fo) Uk ð ER ð Vi ð 
c?—w Ot \2—w Ot Oxt*O0z! | Ozxk \ c?—w ôt 
Uk 8? Uk ð Vi ð = 1 Ov, ð , 
wë äert c—wdt\ce—-wdt) c?—w dz‘ Ot ` 
vu Oe d Uk ER PC ge s 
(c? — w)? ët Ot 2 —wózi0t c —wOtdak | 
vi Ov, O Vite OWO ` Viik 8? 
(c — w)? 8t dt ' (2 —w)? Ot dt ` (2 — w)? dt? 
1 ðv 0 Ui Ow ð vi ER 
c?— wOz*O0t (c?— w)Oz^*Ot  c?— wOz*ot 
Uk ER vu, Ou: O vy" Ow O 


c?— wOtOz!  (c?— w)? Ot Ot (c? — w)? Ot ôt 
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URUi ER 1 Ouk Ou; Uk T 
(d —w)8t? |c-wWV8z! Oak) (—wy 
d Ow | OW Ui Ow Ov; ð HB 
Oz! ðt (à — w)? (ðr ðt ət (6.4) 
E uk Ou; _ Uk Ow Ou; Vi S l 
| |\ act Oz] ` 2-w\ôri at Clm 
» Ow Ov, 1*8 
Oxk ot c? 0t. 
Introducing the notations 
c? Ow Ov; 
= - 6.5 
5 zu 5 x) (65) 
1 OU, Ou; 1 
A; = : Fi Fk vi d 6.6 
£ dE mat) + aa ve — Fh vi) We 
we can write E 22 5 
* * 1 * 
: - = — Fis, 6.7 
ðxrtðt  OtOr!' c? ðt Kat 
* 92 *92 2 * 
9 Aik E (6.8) 


ôriðrt ` äebëäe c Ot 


Inspection of (6.5) and (6.6), reveals that the quantity F; is a 
covariant vector and the quantity A;, is an antisymmetric covariant 
tensor of the 2nd rank. It is not difficult to verify that the quantities 
are a chr.inv.-vector and a chr.inv.-tensor, respectively. Let us as- 
sume that Q is an arbitrary chr.inv.-invariant. So formulae (6.7) 
and (6.8) are true for this quantity, i.e. 

ca *g?Q 1 ciel 


- -= —Ff; 6.9 
OziOt tôri c2 "or? jo) 


*9?Q che 2 *0Q 
- - = — Ai . 6.10 
acidz* Oxkdzt cj "" or (9510) 


The left-hand sides of the equalities consist of chr.inv.-quantities, 
while the right-hand sides are the products of the chr.inv.-quantity 


SOR and the quantities F; and Aig, respectively. Hence, F; and Aik 


are chr.inv.-quantities as well. Because they contain the potentials 
w and v;, we will refer to them as the “power quantities” — the 
power vector F; and the power tensor Aj. 
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$2.7 The power quantities 


Let us suppose that 
w'—0 (7.1) 


is true everywhere inside a four-dimensional volume in a coordi- 
nate system S’. Then, in another coordinate frame S of the same 


reference frame, we have 
aal V? 
Joo ES =1. (7.2) 


The inverse is also true: formula (7.1) is a consequence of (7.2). 
Thus, we can always set the scalar potential to zero throughout 
the given four-dimensional volume, if we introduce a new time 
coordinate z” in accordance with the condition (7.2). 

Setting the power vector to zero in the given four-dimensional 
volume in the given reference frame is the necessary and sufficient 
condition for making the scalar potential and the derivative from 
the vector potential with respect to time, zero (throughout the 
volume). 

Really, if we have 


0 aom, (7.3) 
w= = : 
' Ot 
under a choice of time coordinate, then 
Fi =0. (7.4) 


Conversely, let us assume that the condition (7.4) holds. Then, 
introducing time coordinate z? in accordance with the first of the 
equalities (7.3), we obtain the second of them as a consequence of 
the condition (7.4). 

Setting the power vector to zero in the given four-dimensional 
volume in the reference frame is the necessary and sufficient con- 
dition for making the vector potential zero (throughout the volume). 
Really, we assume that a coordinate frame 


E = ZO (2°, 1,22, 23) | 
) 


exists, where we have 
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Then, everywhere inside the volume, we have 


thus 


On the other hand 


Therefore we can write 


or, introducing 


in the alternative form 


c?—W 


. (a8) . 08° op 
goo = Joo E ) Joi = $00 570 Oz ) (7.7) 
0$ Ce 029 — CU; (7.8) 
0:0 c-mw* Ori cm f 
az? O39 , 
dž? = Segel d Ge dz’. (7.9) 
Es d Oo id i 
di? = (c D Ca d (7.10) 
~o 
iet det? (7.11) 
; (c —w)dt — cvjdzt 
EE (7.12) 


In order that dË exists, it is necessary and sufficient to realize 
the exact conditions of the total integrability of the Pfaffian equation 


— (c — w)dt + ujdz* — 0. 


In general, Pfaffian equations 


Ndu + Pdz + Qdy + Rdz = 0 


(7.13) 


(7.14) 


can be totally integrable under the necessary and sufficient condi- 
tions (any three of the four equations below can be accepted as the 


conditions*), 


oO op aN 8Q\, .(8P ON 

Oz x) SE ZS leg Se se lg 

OR 0Q ON OR ðQ ON\ ` 

Oy SE s Ek zs leg BC 
op op ƏN op OR ON 

Oz 3S ES "EPI 


*The fourth equation is a consequence of the other three. 
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(= x) | (F a) | SE Set (7.16) 

Assuming 
Naël, P=u1, Q=v, R=%, (7.17) 
ud. DEEM ul, zs (7.18) 


in the equations, after dividing them by 2(c? — w), we obtain 
Anm. (7.19) 
Note that the condition (7.16) take the form 
A123 + A231 + Agi v2 = 0. (7.20) 


It is evident that the simultaneous conditions F;=0 (7.4) and 
Aik =0 (7.19) are the necessary and sufficient conditions for making 
the scalar potential and the vector potential both zero through- 
out the four-dimensional volume. The condition (7.19) provides a 
means by which the vector potential v; becomes zero. In addition, 
because of the condition (7.4), the scalar potential w becomes a 
function of only the time coordinate t. Then we introduce a new 
time coordinate £, which is 


di = (1 > SEN (7.21) 


$2.8 The space metric 


In any reference frame we have 
ds? = goo(dx°)? + 2g; da? da + gip dz! dz" (8.1) 


under an arbitrary coordinate of time. Going to a new time coor- 
dinate Z?, we set the potentials to zero at the world-point we are 
considering. As a result we obtain 


ds? = (dž? }? — do?, (8.2) 
where 
do? = — Bak da! da (8.3) 


is, evidently, the square of a spatial linear element. Let us trans- 
form (8.3) to an arbitrary time coordinate z^. At the world-point 
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we are considering, we have 


Oz? 0x9 Ox? 
— 0 (8.4) 
900 aen agi " 9% aen 
0x9 029 029 Ox? | 8 
Joo 88 OEE Joi ask gok az | Jik = Jik 
seat . OL9 OLO Ox : 
Eliminating 830" Aer, DEF from (8.4), we obtain 
ik = Jik — E (8.5) 
goo 
Hence, generally speaking*, 
do? = (a + ses ) dz'dz*. (8.6) 
goo 
Thus we can introduce the covariant metric sub-tensor hi; 
do? = hip dz'da", (8.7) 
hik = —gik + zoe : (8.8) 
goo 
where we have Dé 
Jik = —hik + m (8.9) 


Formula (8.5) shows that hi, must be invariant with respect to 
the transformations (1.14). We can also see this fact directly, thus 
hg gu + TE 
goo 


, ðr” ar” x EA Vi a2”, 
Joo ac Se + Ii ask + Dok gui + Dik } 


I ae ax” 1 ax” H gef ax” ; gef 
+ 
l (o ðr? Ox | Joi 039 Joo Oz? ëch Fok 029 


T 


*This equation can also be obtained from other considerations — for instance, 
see [64], p. 200-201. 
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i ðr” ðr” " ðr” i ðr” ` 
| 
Joo Əri Oz Joi E» Jok Əri Jik 1 


M 1 , Gast 62% ga" - 
a, (995) 900550 ) Oz! Oak 


Gel (8.10) 
ar e Gef! V Gef! FM ai ðr” N? Ər a 
Hoon: Oz? | ark JooIok 8x9 ) Oxi 
2 
rod Ax” V. Ax” asf ee € IoiJok -h 
0240k EP Oxi EPOD tk gho ik 


Hence, the covariant metric sub-tensor hig is the chr.inv.-metric 
tensor. It is evident that the contravariant metric sub-tensor h**, 
the components of which are given by adjuncts of the determinant 


Ait hi2 hia 
h = har h22 h23 
hai h32 h33 


, (8.11) 


divided by h, is also a chr.inv.-tensor. Because the determinants 
(8.11) and 


0 0 0 
G11 912 913 
G21 922 023 
931 932 933 


(8.12) 


Q: 
Il 
oO o0 rn 


are different only in their signs, then their adjuncts, derived from 
the matrix elements with the same indices ?, k — 1,2,3, are equal. 
So we have 


h" = gus (8.13) 

Formula (8.13) contains chr.inv.-tensors in both parts. Hence, in 
general, we have 

hU =g, (8.14) 

We can also introduce the mixed metric sub-tensor h¥, which is 


also a chr.inv.-tensor, 
hk = +g}. (8.15) 
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Let us find relations of h to world-quantities. It is known that 
g 

2 oes t (8.16) 
g 

g 


hit hi? AS 
h21 h22 h23 — 
h31 h32 A33 


(8.17) 


and also that the quantities gy, and hi, equal to the adjuncts of 
the determinants of g^" (3.16) and h** (3.17), multiplied by g or h, 
respectively. Then, because of (8.14), we have 


goo = —- (8.18) 


or, in the alternative form, 
w 
/-9 = (1 = vh, (8.19) 


where h, as is evident, is not sub-invariant, but a chr.inv.-quantity. 

Using the chr.inv.-metric tensors, we can contract, substitute, 
raise and lower significant indices invariant with respect to the tra- 
nsformations (1.14). In this way we can transform chr.inv.-quantities 
into chr.inv.-quantities, and co-quantities into co-quantities*. Thus, 
we can build the contravariant vector-potential (the co-vector) 


vt = hvj (8.20) 


and the square of the length of the vector-potential itself (the co- 
invariant) 


vv! = hip vtu" = hw. (8.21) 
Because of p 
goog” + 90597 = 96 =0, (8.22) 
goog™® + go g^? = gà — 1, (8.23) 
we have f 
, 1 i 
GË 2 (8.24) 
ee ee 
E 


* An exception is the case where a co-quantity vanishes after its contraction. 
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guise ` "e (: all (8.25) 


c2 


It is also possible to introduce operations of general covariant 
differentiation. The operations are non-invariant with respect to 
the transformations of the time coordinate. For this reason we will 
introduce chr.inv.-differentiation, which, being the generalization 
of general covariant differentiation, is invariant with respect to 
the aforementioned transformations of time. In this process we 
will need to differentiate hig, h**, and h with respect to the time 
coordinate. Therefore, we will first clarify the kinematic sense of 
those quantities, which are derived from this differentiation. The 
first such quantity is chr.inv.-velocity, which will be introduced in 
the next section. 


$2.9 The chr.inv.-vector of velocity 


We assume that a point-mass moves with respect to a given refer- 
ence frame. The vector of its velocity with respect to this reference 
fr i ; ; 

ame is — doi devi 


which, as it is easy to see, is a co-vector. Let us take a world-point 
on the world-line of this particle. Applying the necessary choice of 
time coordinate Z?, we set the potentials to zero at the point. Next, 
we transform the velocity co-vector 
; dz* 
i’ =c— 9.2 
ec? (9.2) 
calculated in the time coordinate 2°, into an arbitrary time coordi- 
nate z?. Because 


w= 


~O TM H 
dá DL + a dz’, (9.3) 
az? Y až? 83^ 
Joo = E ) Joi = Ecke? (9.4) 
we have a 

dž? = geg da? + Ai, 9.5 
goo yI ( ) 

da 1 dz’ 
Aen" (9.6) 


—— , Joj da) dr?’ 
+ m, 
208 V/ goo dax? 
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25% 
c^ — W — vjul 

Equation (9.6) has a chr.inv.-quantity on its left side, so this 

quantity, and also equation (9.7), must be invariant with respect to 


the transformations (1.14). Really, because 
Qa? OT? ðr% On? Ər” Ge 
Q^— oi 0 — o’ 0 

Ox Or” dr Ort Or (9.8) 


On. On” ðr% gun ðr” ` Gef i 


- = — — - —0 
Oz) ðr% Oxi Ər” Ox) ^ Qa 
Ss Gef V , _ Oz? Gell N E (9.9) 
Goo = 900 ES Joj = Joo Set! Sei goj ESA . 
we obtain 
1 dei " / Goo da^ 
n Joj dei, dz? gedo! go; da 
V goo dT 
2 
Joo E dz’ 
0x9 u 
i 0 o’ ) 0 B 
Joo (225) (2 dz94 or az! | D F Aza +903 Be") dr? 
B Joo da* » 
Oz? ae Au 4 3r? ƏL” _ 3L) gys 
goo au SCH dz? + goo Ee ded H A dz) + gojda? 
/Go0 dz B 1 da (9.10) 


= good + gojdzi — Joj da) dz? ` 
/ + SE 
SE V900 da? 
Hence, we can introduce the chr.inv.-velocity vector, in brief — 


the chr.inv.-velocity 

Cal 
Se (9.11) 
c^ — W — Vu) 
The chr.inv.-velocity can also be introduced from other consi- 


derations. Let us introduce the covariant differential of time* 


dro = goo dz^ = gooda? + gojdz?. (9.12) 


*This quantity, generally speaking, is not a total differential. 
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dzo : : : : ` 
Because is a chr.inv.-invariant (see 82.3), the quantit 
/ 900 (see §2.3) q y 


dz’ /900 dei 
Vë — = Sg (9.13) 


dro ` gooda? + oj da 


is a chr.inv.-vector: the chr.inv.-velocity we have introduced, div- 
ided by c. 


$2.10 The chr.inv.-tensor of the rate of space deformations 


Considering deformations of a continuous medium in any given 
reference frame, we introduce the covariant three-dimensional ten- 
sor of the rate of its deformations A;, in the regular way, i.e. 


2Aik = Vi Uk + Vk ui (10.1) 
or, in the component form, 
ðu! ðu! 1 
2^4 = hers + has + (A; Akii) u, 10.2 
k= hag thas + (Aa + Ani) u (10.2) 


where A,i,q are three-dimensional Christoffel symbols (the sub- 
symbols) of the 1st kind 


1/0h, hy Oh 
Apia = 5 ( pa jd z), (10.3) 


Oz! Oz? Oz 


This sub-tensor of the deformation rates, as is easy to see, is 
a co-tensor. However, we can introduce the chr.inv.-tensor of the 
deformation rates *A;,, replacing the co-velocity with the chr.inv.- 
velocity, and also co-differentiation with chr.inv.-differentiation, 
respectively. So we have 


+ (“Aine + Azi) "ut, (10.4) 


where we denote* 
E 1 (Er *Ohig | (10.5) 


pha — 3 | asi ^ Oar Oz 


*Zelmanov subsequently mentioned that the Christoffel sub-symbols (10.3) area 
an unnecessary intermediate stage of the algebra. For this reason his scientific 
articles of the 1960's contain non-asterisk notations for the chr.inv.-Christoffel 
symbols. For instance, Zelmanov denotes the chr.inv.-Christoffel symbols of the 1st 
kind (10.5) simply by Aa a, We retain the old notation here, for obvious reasons. — 
Editor's comment. D.R. 
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We will have particular interest in the case where 
KÉ (10.6) 


at the point we are considering. Let us introduce the following 
special notation for the chr.inv.-tensor of the deformation rates 


Aux = Dip. (10.7) 
In this case* we have 
u =0, (10.8) 
*g*yl c Au! 
= 10.9 
Oz c2—wdrs’ ( ) 
jr DU CL (10.10) 
ik — 2 kl Oxi d Oxk * 


Hence, it is clear that the equality (10.10) holds in all coordinate 
frames of this reference frame. 
Introducing the coordinates 


quesos mio or) 
(10.11) 
b SS gz 
h 
sie $8 —0, (10.12) 
we will have, 
= a ON? 1 HE 
k kl zi + hit 88k ( ) 


On the other hand, we can write the co-tensor of the deforma- 
tion rates under the condition u! 2 0 (10.8), in general, as follows 


ðu! ðu! 
2A = ha qaa —, 10.14 
k kl ri TR dak ( ) 
and so we have zn e 
Diz = Aa. (10.15) 


§2.11 Deformations of a space 


Let us consider a volume around an arbitrary point a in the space 


of coordinates : f . 
XU a^ = const’. (11.1) 


*Zelmanov assumes that the derivative of ut can be finite and essentially non- 
zero under u’ — 0. He also assumes that this quantity is static, i. e. ù’ = 0. — Editor's 
comment. D. R. 
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Taking a small time interval, we can make this volume so small 
that any of its points at any moment of time (inside the time 
interval) has the univalent defined geodesic distance c to the point 
a. The quantity c? differs from (hpq)a (x? — aP)(z? — a?) with high 
order terms in zi — a^ sufficiently small quantities. So, with the 
volume around the point a sufficiently small, we can write 


o?’ = [(hpa)a + Opa s (T E a’)| Lef — aP)(z? — a*), (11.2) 


where Qpq,j are finite* (as it easy to see, we can assume O5; 
symmetric with respect to its indices p and q). Generally speaking, 
hj, are functions of t (the space undergoes deformations), so the 
geodesic distances between the given points in the space and the 
point a change with time. Let us also introduce an auxiliary refer- 
ence frame, defining it by the conditions: (1) this auxiliary system 
is fixed with respect to the initial reference frame of the point a in 
such a way that if *u* is the chr. inv.-velocity of the auxiliary system 
with respect to the initial system (the *u* is measured in the initial 
system), then at the point a we have 


md = 0; (11.3) 


and (2) the geodesic distances (measured in the initial system) 
between the point a and all given points of the auxiliary system 
near a, remain unchanged, so 


* 9g? 
ot 


We will refer to this auxiliary system as the locally-stationary 
reference frame at the point a. 

It is evident that the locally-stationary at the point a system is 
not uniquely defined, but in the order of its arbitrary rotation near 
the point. The following speculations are related to any reference 
frame of infinitely numerous system, which are locally-orthogonally 
at this point. 

Formula (11.4), because of (11.2), gives 


=0. (11.4) 


*O(hpq)a | "OOo, jj. E pa ap un na 
DU H | 
Bn. 5» (z?—a?)4- aces (z?—aP)(z3—a*) 4 Ger 
4 28 Weck Y Op; (z? —a7) u? (z1 — a9) — 0, 
Clm 


*We suppose that the derivatives we are considering exist and are finite. 
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where f 
dz’ 


 — dt 
is the velocity of the space (measured at the point z* in the refer- 
ence frame), which is locally-stationary at the point a with respect 
to the space. Introducing 


"O(hpa)a 


D 


(11.6) 


* . 2 : 
Apaj s j j C'Opg,j | j 


Opg = e qe (z? — a?) + ae ul, (11.7) 
= (hpg)a + Apg j (2f — a7) 
Bag = 20? P1 x oe ; (11.8) 


we can re-write (11.5) in the form 
OG, (z? — aP)(z? — a?) + Ej uP(z* — a?) = 0. (11.9) 


Differentiating this equality term-by-term twice (with respect 
to zb and with respect to zt, respectively), we obtain 


D CLE Org | Wig 
ESER? (x? —a?)(z* SIE ES + Sch Je a4) 4 
Ke de OUP OEpq OUP 
20j4 SPI QD (d 9 Pq -4 Pq 
Mie Axidck "` CREE E ðr? — Oz! Ss S 


(11.10) 


E Oz'Ozrk e Oxk Oz? 


NE LS Ou N ` 
"Mark TRI ari) — 
At the point a, taking the first of the equalities (11.3) into 
account, we have 


2 =e = 
x (ad Our IC IE JE 


w —0, (11.11) 
then 
= Ou? E Ou? 
2 (93x), + (Sig), El + (Gel, Ech =0. (11.12) 
In other words, because 
* (hx) 

Ox), = ——“*, 11.1 

(Bix), = — (11.13) 
2 h; 

Gol, = oC 09. (11.14) 
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we have 


— +3 L« | ade (Gar ) + X631 —0 (11.15) 


or, in the final form 


*O(hi), _ Ee dus Ou 
xt - E g Uma + Ange ) | (11.16) 


We now introduce the chr.inv.-tensor of the deformation rate of 
the space of the reference frame (defined in this reference frame) 
with respect to the space, which is locally-stationary at the point 
a. We assume that 

* EEN n 
2 Aik = hka Əri + hig ETT 


where *u? is the chrinv.-velocity of the space (measured in the 
reference frame) with respect to the locally stationary space at the 
point a. It is evident that 


q 
+ (“Aiq,k + “A kqi) "ud. (11.17) 


(11.18) 


where "u? is the chr.inv.-velocity of the locally-stationary space at 
the point a, measured with respect to the space. Hence 


. REI REI ; e 4 
2*Ain = (ns TE + hig BaF ) (“Aig,k + Akq,i) uf (11.19) 


characterizes deformations of the space at any point near a. For- 
mula (11.3) holds at the point a, so as well as (10.10) we obtain 


R e Ou? Ou? 
20854), E E — (ns 2s da . — (11.20) 


We have thus obtained the chr.inv.-tensor of the deformation ra- 
tes of the space at the point a with respect to the locally-stationary 
space at the point a. Comparing (11.20) and (11.16), we obtain 


*0 (hix), 
— —3. = 2(Dj . 11.21 
sz -2(Da), (11.21) 
Because the point a is arbitrary, we can, in general, write* 
*Ohjy 
= 2Diz. 11.22 
Si = 2Dis (11.22) 


*Zelmanov called equation (11.22) the theorem on the space deformations, 
see §2.13. — Editor’s comment. D.R. 
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Thus, at any point of the space, the chr.inv.-derivative of the co- 
variant chr.inv.-metric tensor with respect to time is twice the co- 
variant chr.inv.-tensor of the deformation rates of this space (with 
respect to the locally-stationary space at this point). 

* nik 
Ot 


Let us consider . Because 


hijh =h = oF, (11.23) 
we have . 
"OM (0 *0hg 


h = 
7 gt at 


and finally, taking (11.22) into account, we obtain 


hj", (11.24) 


*Ohik 
ge eap, (11.25) 
Raising the index 2, we obtain 
*Onr* , 
5E ES SP Dt (11.26) 


Thus, in any point of the space, the chr.inv.-derivative of the 
contravariant chr.inv.-metric tensor with respect to time is twice 
the negative of the contravariant chr.inv.-tensor of the deformation 
rates of this space (with respect to the locally-stationary space at 
this point). 

Let us consider E Applying the rule for differentiating det- 
erminants and taking (11.22) into account, gives 


2Dii hi hia hii 2D12 hia hij hig 2D43 


Weld 

SS 2D21 bas haa |+| ba 2D22 hos | +| ba h22 2D23 | = 
2D31 hao h33 hai 2D32 h33 hai haa 2D33 

= 2h (Da h^ + Di3h? + Dish?) = 2hh^ Dix. (11.27) 


Introducing the chr.inv.-invariant of the deformation rates at 
the point (with respect to the locally-stationary space at this point) 


D = hir D? = h” Dip = D}, (11.28) 
we obtain 


1*Oh 
= = 2D. 11.29 
h Ot ( ) 
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Thus, at any point of the space, the derivative of the logarithm 
of the fundamental determinant with respect to time is twice the 
chr.inv.-invariant of the deformation rates of this space (with re- 
spect to the locally-stationary space at this point). 

Clearly, the fact that the locally-stationary reference system at 
the point is not unique does not affect our conclusions. 

Furthermore, dropping the terms “locally-stationary space” and 
“its reference systems" for brevity, we will merely refer to the 
space deformations. 


$2.12 Transformations of space elements 


We will now deduce numerous equations describing deformations 
of space by analogy with equations for deformations of continuous 
media. 

We assume that ôL} is the length of an elementary coordinate 
interval on the z! axis, i.e. 


ÔL} = hat [ose |. AA = const], (12.1) 
then (for instance, see [62], p. 365) 


*(8£1) |— 1 *Əhn 


= bat -——— sat 12.2 
ot 2/hi, Ot | | V hai | ( ) 
1 *O(6L1) Diu 
a" — i 12.3 
ôL! ðt hi ( ) 
Thus Du is the rate of the relative lengthening (because of the 


"hau 
space deformations) of the linear element along the z! axis. 


Next, we assume that 652? is the square of an element of the 
coordinate surface z?, z? 


or 
; (12.4) 


H 
a? 


i i i 
Art = const, , brt’ = const, 


Öar! óyz? ? 
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then we have 


ea) e (pee) DIE 

ot Q2Vhh!1! \ Ot ot 12.5) 

Dhh S HD |. 23 Ge 
= = | 61135 , 

* 23 11 
s aaa! =D Tn ; (12.6) 
ab 
D! 


Thus, D — pis is the rate of the relative expansion (because of 
the space deformations) of the element of the surface z?, z?. 
Finally, we assume that Ate is the value of a volume element 


5Vabe = Wh | 6122 


Ôa L! aT? ër? Satt = consti, , (12.7) 

611423 = | Gym! pa? óya? Ai = consti 

er! Aal er? Ant = consti 

Because 
*0 (óVasc) 1 *Oh is hD 123 
z= II = — oll 12.8 
Ot 2 /h at | abc Vh | abc | ? ( ) 
we have (for instance, see [62], p. 366) 
1 * Va 

Va) py (12.9) 


ÓVabc at 


So the chr.inv.-invariant D is the rate of the relative expansions 
of the volume element (because of the space deformations). 


$2.13 Christoffel’s symbols in chr.inv.-form 


We will use two species of Christoffel symbols of the 1st kind, see 
(10.3) and (10.5); the co-symbols 


| (oh hjr SCH 


A : 
DR 3 | Oni Ox? Oxk 


(13.1) 
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and the chr.inv.-symbols 
1 CES "Ob. A) 
2\ Oz? Oz Oxk } 
In accordance with the foregoing, we will use two species of 
Christoffel sub-symbols of the 2nd kind, namely, the co-symbols 


AS = h Aija (13.3) 


* 
Dijk = 


(13.2) 


and the chr.inv.-symbols 
AR = agi: (13.4) 


Let us find formulae for the Christoffel chr.inv.-symbols, em- 
ploying the theorem on the space deformations (11.22). Because 


*'0 ð . v*8 


02) Oxi i c? Ot’ (13.5) 
we have s 5h i 

ik ik , 

Oxi = Oxi ] c Dix Uj. (13.6) 
Therefore, we obtain 
* 1 
Dijk = Aij,k + E (Dix vj + Djgvi — Diz ve), (13.7) 
1 

"A = Adj + (Divi Djw - Div"). (13.8) 


It is necessary to highlight various properties of the chr.inv.- 
Christoffel symbols corresponding to the analogous properties of 
the co-symbols. The first of these is their symmetry 


“Dijk = "jk, (13.9) 
A = TAS, (13.10) 
Then, considering (13.2), we have 
* * *Oh; 
Dijk + “Anji = ar (13.11) 
Finally, because 
; 1 ; ; ; Olmwh wj 
At (Div; + Din - Dv) = +D, — (112) 
and taking (13.8) and (13.5) into account, we obtain 
; *Əlnavh 
sai Oh (13.13) 


U^ ri 
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$2.14 General covariant differentiation in chr.inv.-form 


We now introduce operations of chr.inv.-differentiation, defining 
the operations by the requirements* (1) they must be invariant 
with respect to the transformations of the time coordinate; and 
(2) they must coincide with the operations of regular covariant 
differentiation when the potentials are set to zero. To realize the 
requirements in the operations of regular covariant differentiation, 
it is necessary and sufficient to replace all co-derivatives with 
chr.inv.-derivatives and, respectively, to replace the usual symbols 
Christoffel with the chr.inv.-Christoffel symbols. 

Modifying the symbol V denoting regular covariant different- 
iation, we denote chr.inv.-differentiation by *V. Accordingly, we 
have the chr.inv.-differential operations for sub-vectors 


* "0 * 
ViQx = mE —"ARkQ:, (14.1) 
ro ok COT 
ViQ* = pora Aig, (14.2) 
for sub-tensors of the 2nd rank 
* *0Q; * * 
Vi Qjk = cs — "Al Qu — "AQ, (14.3) 
* k *0Q* *AL k *A k Al 
ViQj = a3 AjGQr + AQ; (14.4) 
' *oQik : 
*V; Qik 2 e +4 ‘ALO db "AE Q1, (14.5) 


and so forth. In general, chr.inv.-derivative notation is different to 
regular covariant derivative notation merely by an asterisk before 
their V and Christoffel symbols. 

It is clear that the chr.inv.-derivative of a sub-tensor quantity 
will be a chr.inv.-quantity if the differentiated sub-tensor is also a 
chr.inv.-quantity. 


*Zelmanov uses two different terms here, denoting chronometrically invariant 
differential operations, namely — chr.inv.-derivation for chr.inv.-derivatives with 
respect to time and spatial coordinates (see $82.5) and chr.inv.-covariant 
differentiation, generalizing covariant four-dimensional differentiation into its 
three-dimensional analogue, which has the property of chronometric invariance. 
Later, Zelmanov did not use the separate terms, because it was unnecessary, and so 
only used the term “chr.inv.-differentiation” for any differential operations which 
have the property of chronometric invariance. — Editor's comment. D. R. 
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Regular divergence can be defined as a covariant derivative con- 
tracted with one of the upper indices of the differentiated quantity. 
For this reason we will refer to the quantity, obtained from chr.inv.- 
differentiation in this way, as chr.inv.-divergence. For instance, 


*8 i Mc 
SN. nyh 


"VQ = ar e (14.6) 
ICQ = M (14.7) 
adi H ite TO (14.8) 
"vg? = = Ad E DEVE Gt (14.9) 


In relation to chr.inv.-differentiation, the metric sub-tensors are 
the same as for regular covariant differentiation. Really, 


* *Ohik *AL DT *Ohik * * 
Vj hik = ani a Ajihik — Ahi = ani = Ajik— Ak i (14.10) 
and, because of (13.11), we have 
*Vj hin — 0. (14.11) 
We therefore have 
* k Së *AL k *A k zl * p *A k 
Vj hi = = Əxi ENS ihi + AS hj = — Aji TA (14.12) 
and thus obtain 
"Wh =0. (14.13) 
Because 
hË = huh”, (14.14) 


and taking (14.11) and (14.13) into account, we obtain 

hat V; h =0 (14.15) 
or, raising the index 1, 

hi Ne =0. (14.16) 


Finally, because ; , 
hih = h, (14.17) 
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formula (14.16), taking (14.13) into account, gives 
*V Res. (14.18) 


So the operation of chr.inv.-differentiation, as well as the oper- 
ation of regular covariant differentiation, is commutative with re- 
spect to the raising, lowering, or substitution of indices. 

We can accordingly re-write formula (10.4) as follows 


2*Ain = he Vi *ul + hü* Vy "ul (14.19) 
or, in the alternative form 
2'A 4 = " Vi "uy + * Vu. (14.20) 


These are equations for general covariant differentiation in 
chr.inv.-form, obtained from the chr.inv.-tensor of the deformation 
rates as an example. It easy to see that the equations are different 
from the analogous equations for the co-tensor of the deformation 
rates only by the presence of an asterisk. 


$2.15 The Riemann-Christoffel tensor in chr.inv.-form 


Let us denote 
"Mo = "VS Mal, (15.1) 


We are going to take any sub-vectors Qą and OP in order to 
change the sequence of their chr.inv.-covariant differentiation. As 
a result, for Qk, changing its dummy indices, we obtain 


"Mo Qe — " Vi Qu = *Vi ("Vi Qn) -" Vj ("Vi Qk) = 


= a. (*V5 Qk) — "AL ("Vi Qe) — "AT (V; Qi) — 

E 5 ("Vi Qr) "AS CVIQu) "NR CQ) = 

= gat (Get al au (oe al: 
EE - GH + GE E m) = 


8 *0?Q, "OO, *O* AL, EE Q 
Vë? ðriðri Oz SEA : 
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(a; KA _ sn! Si (a O01 _ spl at) + 


Jk gyi ik Oxi ik agi Jk gi 


* * * * 2 *0Qk 
+ ( Aik JT GK 2) a^ + (15.2) 


+ e "d "Aix 


Ox 0z* CAR jm CUN Ain) St 


Doing the same for the contravariant sub-vector Q^, we have 
*Vij Qk —*Viji Qk = "MM Q^) _ Wë Gare Q*) = 


*O 
~ Qai 


M) * * * * * 
~ Əri (*viQ^) + Ah ("Ww Q*) - "AS EVR) = 
P aQ" Ma *gQ* NEN 
"xum * aie) - 5 ee UASQ j+ 
* aq! 4% H m *Ak "OC *AL mij. 
"A (C Ogi + Amg )- di asi ^ Dol ) = (15.3) 


= *92Qr *g2Q* Wa "AS, *8 2 GE 
~ (ðriðrİ — Oriëäri Oz 


* l * l Ma l zë l 
(a; OG KA as) | (a: Q Kä Q )+ 


ag CVR") - “Ai; (VQ) + "AR (Vi Q!) - 


Jl ggi l ari j^ il gri 2 ggi 
* * * *üQ* 
T ( A4 Aim E i m) Q” = = Ay Bb — 
*O*AT Se shoe — 
Bs ^ ap ^ 54 Am CAR ei E 


Introducing the notation 


vea "2 


sd. * *AL * *AL 
Hy = si SCH TUA AM AE A (15.4) 
we can write 
" n 2 *oQ 
Vij Qk — “Vii Qe = oa hij ae + Hg; Qi, (15.5) 
? T 2 "Oh we 
Vij Q* — "Mat = u^ a - Hy? Q'. (15.6) 


Ot 
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Because Q, (and Q*, respectively) is an arbitrary sub-vector, 
then, according to the theorem of fractions, Hi. is a sub-tensor 
of the 4th rank, which is thrice covariant and once contravariant. 
Since Q; (and Q^) is an arbitrary chr.inv.-vector, we are assured 
that Hi. is a chrinv.-tensor. By the relationship of its structure 
to the structure of the Riemann-Christoffel mixed sub-tensor (the 
co-tensor) 


ON. 
Ky = E BE + AR Ain AA (15.7) 


as a base, we call Hy the chr.inv.-Riemann-Christoffel mixed 

tensor. Lowering the upper index and using (13.11) 

SUAM, "O'A 
Oz) Oz! 


ha Hy, = zi FATAL A Alm) = 


— O Aiken BT A jk d 

02? Oz* (15.8) 
+ Anin + ‘Atijn) "AL, TAS Ajm,n — IS imn = 
| *O"Dinn  *O*Ajrn 
BEES Oz! 


— (‘Angi + Ain) Als — 


* *AL * *AL 
Anj Ain "Agit Aj, 


we obtain, after rearrangement of its dummy indices, the chr.inv.- 

Riemann-Christoffel covariant tensor 

"Ou — "O' Ak 
SEA Oz 


Hkjin = “Aik, Aln + “Ajk, "AL i (15.9) 
the structure of which has the relationship to the Riemann-Christ- 
offel covariant co-tensor* 


OAikn OAjKn 


vue = Ox) Ox? 


Aü AL, ES ANAL. : (15.10) 


Some of properties of the chr.inv.-tensor H,j;, are given below 
as follows. Because 


*O"Dinn — KEE “Aink *0 Aink \ 
Oz Oz? Ox Oz! i 


*Sites of different indices in the Riemann-Christoffel tensor, and also their 
meanings, are different in various publications, because of different notation for 
the Riemann-Christoffel tensor (for instance, see [8], p. 931 and [7], p. 130). We are 
following Eddington here. 
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* 


ð "0 
Ta (Ai, + Aink) — Ex CA jk n + Ajn k) = 


200g. Oh. 2 VR EE! A.D HB) 
^ OzjO0zr!  Oaíüóg) 2 7? gt c2 7 kn 1 
we have i 
5 (Hxjin + Hnjik) = d Aji Den, (15.12) 
and also i 
2 (Hyjin, + Hyijn) — 0. (15.13) 


Thus, the chr.inv.-tensor Hxjin as well as Kkjin is antisymmetric 
with respect to the inner pair of indices and, in contrast to Kgjin, 
generally speaking, is antisymmetric with respect to the outer pair 
of indices. It is possible to show that H;;;, has, generally speaking, 
no other symmetric properties that are typical for Kķkjin. However, 
to set one of the tensors Aj, or Dig to zero will be sufficient for 
obtaining the tensor Hkjin by the symmetric properties. 

We will refer to the chr.inv.-tensor of the 2nd rank 


obtained as a result of the contraction of the chr.inv.-Riemann- 
Christoffel tensor by the second pair of indices, as Einstein’s 
chr.inv.-tensor. Because of (15.4), we have 


ET NS 


Du = e ag t Ak Ain AR Ahna, (15.15) 
or, in the alternative form, 
“oA, *?n/h *Olnvh 
EN Vi * *AL aA L 
Ary = — Ox! + “Agi Dim + Axi Ox* kj asi ^ (15.16) 
which is like the formulae for Einstein’s co-tensor 
OA Aky 
AK a = GE + ATAU, — Np Al, (15.18) 
^L; ^ Inh 8lnV/h 
= j l l 
Bg dz! + ARIAS + 02J0z* kj gg ^ deum) 


obtained as a result of the contraction of the Riemann-Christoffel 
co-tensor by the second pair of its indices. 
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In contrast to K5;, the chr.inv.-tensor H;;, generally speaking, 

is not symmetric. Indeed, 
*O^"nVh  *OnVh 2 
O23 Oxk Oz*Ozi ` c? 


Aj D, (15.20) 


so we have i 
(Hy; — Hjk) = a Ask D. (15.21) 


NI = 


We also introduce the chr.inv.-invariant 
H =h* Hy; . (15.22) 


Using the chr.inv.-Riemann-Christoffel tensor and also those 
quantities result from its contractions, we will consider the problem 
of space curvature and the problem of space rotations. We begin 
these studies from the latter problem, where we will need to intro- 
duce chr.inv.-angular velocity. 


$2.16 Chr.inv.-rotor 


Let us introduce by analogy with regular three-dimensional calcu- 
lus, the contravariant sub-tensor of the 3rd rank ek, which is 
completely defined by its component 


1 
pou. (16.1) 


and its antisymmetry with respect to any pair of its indices. We also 
introduce the covariant sub-tensor €;;,. The sub-tensor €;;, has the 
same symmetric properties (for instance, see [8], p. 78), and 


E123 = Vh. (16.2) 


Because vh is a chr.inv.-quantity, the sub-tensors sik and Eijk 
are chr.inv.-tensors as well. These are some of their properties: 
(1) the tensors are linked the index operators (the components of 
the chr.inv.-metric tensor) 


k 
EPI Eijk = KN = h^ hi ; (16.3) 
and (2) the chr.inv.-derivative of them is zero 


"Me Eijk =0. (16.4) 
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Formula (16.3) is known from regular tensor analysis (see [8], 
p.111). Formula (16.4) is derived from the fact that the regular 
covariant derivative of the tensor Eijk is zero (see [8], p. 88) 


Vp Eijk = 0. (16.5) 


Actually, considering coordinates #°, #1, 2?, 2?, which set the 


potentials to zero at the world-point we are considering, we have 
Sa Ban = Vp Eun (16.6) 
so, because of (16.5), we obtain 
"V, Eijk = 0. (16.7) 


The left side of the equality (16.7) is chr.inv.-tensor of the 4th 
rank. Hence, in arbitrary coordinates, it becomes zero — the for- 
mula (16.4) is true. 

Just as in regular tensor algebra, using the chr.inv.-tensors e 
and £ijx, we can set sub-vectors w* or Yp dual to any antisymmetric 
sub-tensor of the 2nd rank ai; or bY 

1 


w" = 2 EMT ` (16.8) 


ijk 


1 T 
Vr = z Etk D. (16.9) 


The converse is also true. Using the chrinv.-tensors &?* and 
Eijk, We can uniquely set the antisymmetric tensors of the 2nd 
rank dual to any sub-vector. 

If the sub-tensors a;i; and b are mutually conjuncted, then 
the sub-vectors w^ and wv; are mutually conjuncted as well. If Qij 
and b are chr.inv.-tensors, then w^ and w, are chr.inv.-vectors. 
Multiplying (16.8) term-by-term by Soot, and multiplying (16.9) 
term-by-term by EPIK | after the results are contracted, we obtain 


| ag 
Epqk w" = 2 e ek Qij, (16.10) 
k 1 k 1j 
eg Wr = SE Eijk b”, (16.11) 


and, because of (16.3), we have 


apg = Engels (16.12) 
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bPa — ei, (16.13) 


It is evident that if the sub-vectors w* and ji are mutually con- 
juncted, then the sub-tensors apq and b?4 are mutually conjuncted 
as well. If w* and vy are chrinv.-vectors, then apq and b?? are 
chr.inv.-tensors. It is clear that formulae (16.8-16.9) and (16.12- 
16.13) set the unique mutual link between sub-vectors and anti- 
symmetric dual sub-tensors of the 2nd rank. 

The regular definition of the rotor (vortex) r? of a vector wy is* 


rP (w) = eV? V, wk . (16.14) 
We introduce the chr.inv.-rotor 
*r? (w) = EP *V, Wy. (16.15) 


It is evident that the operation of building chr.inv.-rotors is in- 
variant with respect to transformations of the time coordinate. This 
operation coincides with the operation of building regular co-rotors 
when the potentials are set to zero at the world-point we are con- 
sidering. It is also evident that the chr.inv.-rotor of a chr.inv.-vector 
is a chr.inv.-vector. 

Let us introduce the antisymmetric tensor of the 2nd rank a? 
dual to the vector wi. So we have 


1 E 
Wk = z Fik a”. (16.16) 


Substituting (16.16) into (16.15), we have 
1 a c " 
*r? (w) = e g Pei, Vga + 5 gi Pa "ML Eijk = 
lakoe. | QU — l papke. t qij 
= E Eijk Mag = USE Eijk Mag = (16.17) 
1 j 1 : ' 
INN — hih) "Vaa = — (Via? —*Vj aP), 
and so l 
"rf (w) = *Vj a, (16.18) 
or, in the alternative form, 


eT? *V wp = * V; P). (16.19) 


*In general, the vortex of a vector is antisymmetric tensor of the 2nd rank. How- 
ever, in the particular case of three-dimensional space, the vortex can be assumed 
the vector dual to the tensor. We also use this representation here (see [8], p. 79-80). 
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So the chr.inv.-rotor of any sub-vector is the chr.inv.-divergence 
of its antisymmetric dual sub-tensor of the 2nd rank. 


$2.17 The chr.inv.-vector of the angular velocities of rotation. Its 
chr.inv-rotor 


The regular relation between the contravariant sub-vector w* of the 
angular velocities of a volume element and the covariant sub-vector 
uj of the linear velocities of its points is 


1 
w? = 2 r? (u) (17.1) 
or, in the alternative form 
E 
w* = S e iu. (17.2) 


The sub-vector w* has the dual antisymmetric sub-tensor 


1 
Qij = 2 (Vi uj = Vj ui) ; (17.3) 
and so we have j 
w" = 2 gai . (17.4) 


It easy to see that the sub-vector (17.2) and the sub-tensor 
(17.3) are co-vector and co-tensor, respectively. At the same time, 
we can introduce the chr.inv.-vector of the angular velocities *w* 
and its chr.inv.-dual tensor *a;;, by replacing this co-vector with the 
chr.inv.-vector and co-differentiation with chr.inv.-differentiation 


in the equations (17.2) and (17.3) 


1 

‘y= S *rk (*u), (17.5) 
Te 
ww = 5 gb * V *uj, (17.6) 
1 

"ai = 2 (Vi "uj = "A *ui) ` (17.7) 

so we arrive at i 
Ke mE 2 ek "ai E (17.8) 


Taking the chr.inv.-rotor from the chr.inv.-vector of the angular 
velocities, because of (16.18) or (16.19), we obtain 


*r (w) = *V;*a, (17.9) 
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or, in the alternative form 


EiT wg = *V;*a%, (17.10) 
where 1 
ta = X (ney ta — tu). (17.11) 


We will have interest in that case where *u*=0 (10.6) holds 
at the world-point we are considering. Hence, u’=0 (10.8) and 
"ënn _ c? Ou? 
Ak | c2—w Oak 


(10.9) must also hold at the point. In this case 


we have 
1 c T Ou 
k k 
Waar, (17.12) 
T ia Ou! 
k — Z etik h a 17.13 
ui 2 I 9gi ( ) 


Introducing the coordinates (10.11), where the condition w=0 
(10.12) is true, this case gives 


"r =O. (17.14) 


In the case we are considering, we introduce the special bond 
for the chr.inv.-rotor of the vector of the angular velocities 


“ri (*w) = Ri Cw). (17.15) 


§2.18 Differential rotations. Differential deformations 


Because of (17.11), we have 


ee! ald : ; ; 
"Maa = 2 (h? "Mail E LE "Mam . (18.1) 
In accordance with (15.6), we can write 
i ] 2 zë Ki A 
"Maul = "Mu “ue + GARA — Ani *y™ (18.2) 
e 2D zën 
"Mail = "Mu “u? + SAn — Hyi*u”. (18.3) 
For this reason, we have 
" l i . 1 ,,*8*w e 
Td = 2 h* * Vi; “u + a^ at 7 2 H; “u” S 
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1,; l 1 l : : ; 
— 2 ht Nul = S *V, (h? "Mam e n? *V;*u*) SR 
, (18.4) 
| 1 gO rue l gi n 
edv ue mo 
At the same time, 
"Mami = pl "Ma =h" (Az +*aj1) = "ND SEKR " (18.5) 
where *A;; is derived from (10.4). Hence 
Vu EAD (18.6) 
where l 
A = hE Aik = hip A = A. (18.7) 


Therefore we arrive at 


TEE i : l 1 .*8"*w qued 
* V;*a9 = SH (h? A*A”) Æ 34 2 = z Fw", (18.8) 
ge " S 2 zën E 
"Vj*a = ' Vj (RA — AV) ee — Hj'w, (18.9) 
or, in the alternative form 
f S 4 2 .*O*yI TP 
*r* (w) = *V (KA — A") + SA} am Hi. (18.10) 
c 


§2.19 Differential rotations oi a space 


We assume that *AY is the contravariant chr.inv.-tensor of the 
deformation rates of the space near the point 


rt = af, (19.1) 


measured with respect to the reference frame that is locally- 
stationary at this point. We can then write 


AISA Cb at at ats e E E, (19.2) 


where 
grege g* (19.3) 


Let us suppose that for any numerical value of the time coordi- 
nate in the time interval we are considering, it is possible to find 
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such a coordinate system (of this reference frame), at the point 
(19.1) of which all the functions (19.2) and their first derivative 
with respect to t and also all the zb are continuous with respect to 
all the El. In this coordinate frame we have* 


GAS 0 Ca”) 
= 19.4 
( Och ) Ork ^C SC 
arai _ 8('A7), 
= 19.5 
Ca) ar ass) 
and hence ' ) 
*9 XA *8 (*AU k 
= 19.6 
( Oz ) Or (^C oe) 
At the same time, the definition of the chr.inv.-tensor Dpq gives 
CBee) = Dog (19.7) 
and hence S » 
CGAY) pM. (19.8) 
Therefore we have 
Ma Kéi 0D? 
= ; 19.9 
( Oz j Och gm 


Because of (19.9) and (19.8), we have 
(PULSAT) = TV DË. (19.10) 


Equality (19.10), owing to its chr.inv.-tensor nature, is valid in 
all coordinate frames of the reference frame, not only in that speci- 
fic coordinate system we have been considering from the beginning 
of this section. Since the point (19.10)is arbitrary, equality (19.10) 
holds for all points (under the continuity conditions we have for- 
mulated above). The equality (19.10) gives 


(*Vi*A), = *V& D, (19.11) 
[VA e V. (19.12) 

and therefore we have 
[Vi (RA -A)| = *vj( D - D”). (19.13) 


*The subscript zero indicates that all the ER equal zero. 
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Let us again consider the neighbourhood of any point (19.1). 
We assume that in an arbitrary point in the neighbourhood, "d 
is the chr.inv.-velocity of the space with respect to the locally- 
stationary system at the given point (19.1). As found before, *AY 
is the chr.inv.-tensor of the deformation rates of the space with 
respect to the aforementioned locally-stationary system, ur is the 
chr.inv.-vector of the angular velocities of the space rotations with 
respect to the same system and *a? is the antisymmetric chr.inv.- 
tensor, dual to the chr.inv.-vector "wi. The quantities are related by 
equations (18.9) and (18.10). At the point (19.1) itself, we have 


£m). (19.14) 
*u =0 (19.15) 
and hence 3 T » 
(v;'a*!), = eg — A99] (19.16) 
Ri (w) = Nei (Dain -*a*)| (19.17) 
0 
Because of (19.13), we can finally write 
(*vjfu9) — *V;(h9 D— DË), (19.18) 
R (*w) = *V; (n9 D — D”). (19.19) 


It is apparent from this algebra that the fact that the locally- 
stationary reference frame at the point is not unique, does not 
affect our conclusions*. This result also holds in the case where the 
locally-stationary system does not rotate at this point, with respect 
to the space. In this case, at the point, we have 


wk — 0, (19.20) 
“i e 0. (19.21) 
$2.20 The system oi locally independent quantities 


Considering the problem of the space curvature, we will need to 
use a number of suppositions. We will give the suppositions here in 
a more general form than needed for solving the aforementioned 


* As mentioned in $82.11, the locally-stationary system is defined in order of its 
arbitrary rotation near the point. 
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problem. In accordance with 82.4, at any given world-point of 
any reference frame, where the spatial coordinate frame is fixed, 
the potentials can be set to any preassigned numerical values by 
appropriate transformations of the time coordinate" 

It easy to see that we cannot set the first derivatives of the 
potentials in this way, because the 16 derivatives are related by 
6 conditions, such that the power quantities are invariant with 
respect to transformations of the time coordinate 


E-HE, (20.1) 
Aa = Aa. (20.2) 


It is evident that we can superimpose only 10 additional condi- 
tions on the 16 derivatives of the potentials. For this reason we 
introduce 10 chrinv.-quantities, which, being dependent on the 
potentials and their first derivatives, can take any numerical values 
at any given world-point as a result of the transformations of the 
time coordinate. Since we have interest in the first derivatives of 
the potentials, we can write 


a = = (Bat™ + SEN ee 


B (20.3) 
Sig 

where B, Ba, and Bg, are constants and Bo — 1, 

€* = r| —g?, (20.4) 
while coordinates of the world-point are 
E SE (20.5) 
It is evident that in general, 
z0 20 


so at the world-point we have 


až B, een Bu 
(Se) =F (zo) - B (20:7) 


*In this consideration, we mean that the scalar potential w cannot take 
numerical values greater than or equal to c?. 
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Because 
E (a az |) Od? Se 
Joo = Joo Əza ) ’? Joi = | goo ES Joi ES : 
we have 
2 
US c^—W S l5 Bi+ Biy é 
[s w=B i = Wd ; 20.9 
1+ Bog £P e ) 1+ Bog £P ( ) 


(c? — 8), - B(c- w), , (Či = (vi), + A (c? — w), . (20.10) 


Next, let us consider the chr.inv.-derivatives and the chr.inv.- 
covariant derivatives of the potentials. First, this is 


*OW *OW B c? Ow B Boo 
+e z- 
(1 + Bog £P) 


819 Oz) 1-4 BogtP c) — w ôT? 


(20.11) 


At the world-point, eliminating B, we find 


c "OWN ` c? *Ow c? B (20.12) 
(2-7) OE Ja (2 —w)2 (02°), (Pwa l 


a 


We denote 


Y= D 20.13 
(c? — w)? 829 ' ( 
and then we can write 
em c 
(Ya = (Y)a + ———5 Boo - (20.14) 
(c? "e wl: 
Hence, 
"Ow *Ow OW cu OW ` B Ow Es 
0$! On Om c?—wOz9? 1+ Bog£P On 
(C -w)BBes , cvi B Ow 
(1 + Bog £8? ' c? — w (1 + Bog £8) ärt 
(20.15) 
cvuBBo —— B Ow cu; Ow 
(1+ Bog £6)? Li Bog£P NOx! — c?— w Oz? l 
c? — w)B CU; 
( ) (Bo Bo) : 


(1+ Bog £6)? 
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Because it is evident that 


c (AW ch OW S c? COU; | 37 
> = Pit Se = CU; 
c—w\ dt c?— waz? c?— w ağ? (20.16) 
c? Ow cu; Ow c) cÓwj LeuY : 
- = Ri CU; 
c? —w\ ôr?  c?— wë c? — w ôx? 
we obtain 
2 R 
F; + S E +ct:Y | = 
c2 039 s 
c) cÓv CU; en 
= (r+ à SH +eny) SÉ ) Bo - c? Bo; 
On the other hand 
*QU; Zëge e ës E Od c Ow " 
0290 ðr?  c?—wOz?  c?—wOz0  c)—wÓOa9 
20.18 
Bi + Bi € iut (1+ Bog £9) Bo; — Boo(Bi + Bi, €?) ( ) 
1+ Bog £? (1+ Bog £6)? 
Because it is evident that 
c côù ` E c OW 
EES 
o ców o Ow II (20.19) 
c—w ën ° eH wrt 
we obtain 
Si c OW c Ow 
S e ume p 
( Lies) ur 19] 
(20.20) 


? 8 
2 (a sas) + SH Bi + c? Bi 


and, taking (20.10), (20.13), and (20.14) into account, we arrive at 


(20.21) 


2 ð f 
-( Fi : ud ren) cl SE (TECH 


2.. 
C W/o 
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Summarizing (20.17) and (20.21) term-by-term, we obtain 


E On e ^-2cdjY | = e: x 
c2 — W \ Eau až? x us c2— w 


ds. e Zo (20.22) 
x E +e Si + 2224 ET Se (z JE ECH 
We denote 
$ = = a E Fc Si -2cwY, (20.23) 
then 
($),— (8), 28 [Ez ) Boo + Si (20.24) 


Taking the chr.inv.-covariant derivative of the vector potential, 
we obtain 


= Ov, CU; OU 
Ox* | c?— w Oz? 

Ouk 1 Ow Bk + Bry CT 

Oz!  cÓz* 14 Bog£P 

delt Boge?) Bis — Boi(Br + Bey €) 

c (1+ Bog &P} 

CU; OU Ui Ow By 4 By, ET 
wës  c?— wOz? 1+ Bog£P 

1+ Bog £?) Box — Boo (Bk + Bey Ei! 

(1+ Bog £8? 


* Vi te = * Vi Ük 


“Aik ŭ = 


(20.25) 


se 


1 B, -- Bi CT 
—*Al uy — — (2 —w) AL CLC 
ik Ul " (c w) ik 1+ Bog £6 E 


and, on the other hand 


00 0; Ov Xl oz 
( Og ete Kal GEN = 


OZ c2—wOdi : 


e c? Ow cu; Ow o E 
- + [e 
(2 — w), 3r? œe -— w dr). c—w) 9 


B c — Whe 
+ SCH SE + (vi), Box + e [Bix — CA), I] : 
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Owing to the symmetries on both sides 


1/00; | Ov; " 1 cd 699. ig EI 
2\ az 0385) | 92 c2— WL * ago | ^ 930 


x L dän, ðv; 1 c 
eg *AL y = T4 * | x 
al Ee Ort) 283 2 —w 


c? Ow cu; Ow af Suë 
: t B 20.27 
S Le. (imam) ^ (4) o0 + ( ) 


2... 
C Wi, C 


CU B; 1 
+ d S ) Bo + SCH e) A | (vi), Box + 


1 * 
+ (vx), Bos | + z [e — w), | Bix = CAR), B, | : 
Because of (20.10), (20.16), and (20.17), we have 
(c? — w)a e Ow cu, ÓwN | 
c? z i 


2c? — w), kënt  c?— w Oz? 


i B 
l cl I ) Boo H SCH 5 
C^ —W a C 


E 2 c) cô; E 


2... 
C W/o 


and so obtain 


1/89, 89; East com 
- - $;— iY 
BE EE a cuv) 


~ (x ~ © IKL x 1 Vk Ovi 
af, cen) = nl = BE + SH + 
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1 
Au tb ! 
a 
CAU 
S (z=) Boo + (vx), Boi + (vi), Bow + (20.29) 
c)—w 
-L ( Ja | Bix (‘Aix)a B , 


C 


or, in the alternative form 
1/00, | O8; Laz ‘nz 
Be F a) "ag (tes "Aën 


1 ~ ~ 1/0 
CEs OY E SAL d = | ( Uk aa OU; ) 2E 
c a 


2V 025 | Oz 


1 
Ux i 4 ve.) SE Gë) + (20.30) 


a 


1 
T 2 ( 


CU;U 
+ (395) Boo + (vx), Boi + (vi), Bor + 


C^ — Wha * 
diem) [ Bix - (45), Br 
Denoting 


1 uk Ou; 1 
Xin = | iPr + v9) — 
S 5 (Se + Sak) + al e+ wei) 


1 (20.31) 
Se UWUKRY = "AL. UL, 
C 


we can write 


(a), = Qt), (GE) Boo + (n), Boi + 
C Waa (20.32) 


1 
+ (vi), Box + F (c? — ei, [Bix = CA), I] i 


No numerical values of w, v;, Y, ©;, and Xj, at the world- 
point can prevent selection of the unique set of the coefficients 
B, Bi, Bg, giving the quantities iv, 0j, Y, $,, e any preassigned 
numerical values. Indeed, let us assume that W has a numerical 
value. Then the first of the equalities (20.10) gives B. Assuming vi, 
we obtain Bj; from the second of the equalities (20.10). Assuming 
Y, we obtain Boo from (20.14). Assuming d, we obtain Bo; from 
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(20.24) under any numerical value of Boo. Assuming Xig, we obtain 
Bix from (20.32) for any numerical values of Boo, Boi, and Bj. Thus, 
any of our 14 quantities can be set to any numerical value at any 
given world-point independently of the numerical values of the 
other quantities. Therefore, we call the 14 quantities the system 
of locally-independent quantities. 

It is easy to see that the quantity Y is sub-invariant, the 3 quan- 
tities $; constitute a sub-vector and the 6 quantities X;, constitute 
a symmetric sub-tensor of the 2nd rank. 


$2.21 The chr.inv.-tensors of the space curvature 


Let us select that part of the chr.inv.- Riemann-Christoffel tensor, 
which is antisymmetric with respect to its inner pair of indices, 
antisymmetric with respect to the outer pair of indices, and also 
symmetric with respect to rearrangements of the outer and inner 
pairs of indices. First, we have 


1 1 
Hyjin = 5 (Anjin — Hnjik) + 5 (Hyjin, + Hnjik) , (21.1) 
where (see 15.12) 
2 
(Hyjin + Hajik) = aa AD, (21.2) 


1 
2 
and also 


1 l/*O"^iks — "O'"Ni 
5 (Hijin — Hajik) = ( B E 


2 Oxi Ox) (21.3) 
*9 *^ n *9 *^ ini : d : " . 
SC SC Aik Ain Aga Ain. 
Because 
l(*O'Aiks — "O'"Aimk — "O'Ajkn “OAjnk\ _ 
2 Oxi Oxi Oz! Oz! B 
m" *O? Ran e "ba * ^ hi *O? hnk 
|" A4VO0zj0z!  OzajO0x* | OzjOz" OAxridz? 
"Ob, *82h., *82h, *8?h.; 
k kn jn (21.4) 


0zj0z"^ | OzjOr* | Oax0z) | Ox!Oz* 
*B* hog *O?Ank *B* hse "ONE 8 
' Ozí0r^  OziO0z)  OziÓz^ Axidrk ) ` 
LLS Phin | Oh "ka Ohia 
2V02J0z*  Oz'0z^ OxIdz” OziOzk }’ 
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we have 


1 ld SONS *? hi 
5 (Hijin — Hnjik) = T — 
zl ER jik) 2 pe 0202" 
RES Ops (21.5) 
02j0z" = Oz Oak 


* *AL * *AL 
) Aik, Ajn AGAT 


Taking that part of the Riemann-Christoffel chr.inv.-Riemann- 
Christoffel tensor, which is antisymmetric with respect to its inner 
indices and outer pairs, we select that part which is symmetric 
with respect to rearrangements of the outer and inner pairs of the 
indices. As a result, we have 


1 1|1 1 
5 (Hrjin—Hnjik) = = E (Hijin — Hs jix) + 5 (m Has) + 


2 
(21.6) 
1/1 1 
+ SIS (Hyjin, — Hnjik) — 2 (Hjkni— Hignj)| , 
and it is easy to see, 
Lal) eh 1 
3 E (Hxjin — Hnjik) — 3 (Hjkni — 2] = 
_1(*@hin —"Ohg Oa — 0h, 
OzjOr* | Oz'Oz^ | Gin | Oz!Ozk (21.7) 
*0? hni KR KR y *O? hki 8 
OrtOz)  Ox^0z!  OrkOz!  Oz^03j] ` 
1 
E (Ajk Din, + Ain Dap — AikDjn — Ajn Dik), 
1/1 1 
B E (Anjin — Hnjik) + L (Hjkni — 22] = 
-LS Phim "Phin "ha | Oh 
| 4 \ðzriðrk  OzkOzi Ozi0z" | Oz^ÓOzi (21.8) 
LC Oa . *O? hin *Phin  *8?hjn 
0zj0z^ ` ëenëni OzxiO0r* ' ðrkðőri 


* *AL * *AL 
— Aik Ajn + Ajkai Ain 


Denoting that part of the chr.inv.-Riemann-Christoffel tensor 
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we have selected by Skjin 


lO ha, "Oh, 
Skjin = ( “+ Z ) + 


4VO0zjOr* = AxkdxI 


eee SCH dE EH 


+ l - 21.9 
4 4\ 02IOz” Ox"OxI ( ) 


Oz'O0z" Ox" Ox? 
1 ( “Phin “hjn 


*xAL x *AL x 
4\ äi ëch SH " Ain ant " Air Zei: 


we can write 
1 
Hxyjin, = Skjin + 3 (245i Den + Ain Dap + 


r2 (21.10) 
+ Anj Dik + Ajr Din + Aki Djs). 


Because Hkjin, Apg, and Dao are chr.inv.-tensors, Skjin is also a 
chr.inv.-tensor. We will refer to Skjin as the chr.inv.-curvature ten- 
sor of the 4th rank. Thus, the chr.inv.- Riemann-Christoffel tensor 
differs from the curvature chr.inv.-tensor of the 4th rank, while 
the Riemann-Christoffel co-tensor and the curvature co-tensor of 
the 4th rank are merely different names for the same sub-tensor, a 
formula for which can be written in the form 


1/ hj, ENZ ^h OF hos 
2 \ðxriðrk  Oz!0z^ OxIdx” ` Oz'Ozrk 


AI Ask — Aik Ajn, 


Kkjin = 
(21.11) 


equivalent to (15.9) and like (21.9). Defining the quantity Skjin as 


Skjin = —Dkijn; (21.12) 
Skjin = —Snyik ; (21.13) 
Skjin = DSjkni ; (21.14) 


we can see that the equalities are true, because of (21.9). 
We also introduce the chr.inv.-curvature tensor of the 2nd rank 
(which is different from the chr.inv.-Einstein tensor) 


Skj = Sn = Se (21.15) 
Formula (21.14) leads to that 


Skj = Sjk. (21.16) 
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Because 


Véi ei 1 
Skjin — 3/5 (Anjin — Hnjik) + 5 (Hjkni — Hiknj)| , (21.17) 
and taking (21.2) into account, we have 


1 1 
Skjin = 5 Hanc Hjkni) — z (An D + Akn Dji), (21.18) 


1 1 
Skj = 2 (Any + jk) = à (Aj Di + Au Di) d (21.19) 


Owing to (15.21), we have 


1 

Sij = Hij- 5 (Ajk D + Ai Dj, + ADI), (21.20) 
1 

Hyj = Skj + d (Aj D + Aj Di, + Au Di) ; (21.21) 


that can also be obtained directly from (21.10). 
We also introduce the chr.inv.-curvature invariant 
S = h! Spj . (21.22) 
Formula (21.19) gives 
S — H. (21.23) 


Because of the symmetric properties (21.12-21.14), which are 
analogous to the symmetric properties of the curvature co-tensor 
of the 4th rank, the number of the different components of Skjin 
equals the number of the different components of Kin, i.e. there 
are only 6 different components. Therefore, by analogy with Ricci's 
contravariant and covariant tensors (see [8], p. 110) 


TE A 2 
cv = " Eien ke ien (21.24) 


Cre = hahae”, (21.25) 


we can introduce the chr.inv.-tensors 


i eee 
Ze = S ee (21.26) 


Zrs = be bat He (21.27) 
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which will be referred to as the chr.inv.-Ricci tensors. The Ricci 
co-tensor is linked to the curvature co-tensor of the 2nd rank and 
the curvature co-invariant by the equation 


1 
SE (21.28) 


Cra = Kra — 2 


The same relation holds between the chr.inv.-Ricci tensor, the 
chr.inv.-curvature tensor of the 2nd rank, and the chr.inv.-curva- 
ture invariant j 

Zra = Sra — 5 has. (21.29) 

We have 


dus 
ab ai bkn EN 
Eapq €brs Ze = 3 € I Eapq E  Ebrs Skjin = 


=< (hp hj = KI (hi hz z nous) Skjin — 


4 (21.30) 
= 4 (hih? — h, h2) (Sryis Se Ssjir) = 
D ers iuis 1 
D (hh, — hg hp) Srjis = 2 (Sraps — Srpas) = Sraps ; 
hence 
Srg E APSE ang eye gab (21.31) 
Because of (16.3), we have 
1. 
APs — 5 cP She bai, (21.32) 
hence 
1 4 a 
S — 5 a Reape Core hikhji Z” = 
RENE D 
- (ning — nnd) (bal AN bake (21.38) 
1 
ze (Aa hai — hy hat) (hy Z — AE Z”) = Z4 — he Z, 
Z =h” Zip, (21.34) 
S=-2Z. (21.35) 


Formulae (21.33) and (21.35) lead to (21.29), which is their 
consequence. 
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$2.22 On the curvature oi space 


We are going to find the relation between the chr.inv.-curvature 
tensor of the 4th rank and the curvature co-tensor of the 4th rank. 
First, we have 


"ba "0 [Ohin 2 2 hin 
: = : + Uk Din | = s 
OzrjOr"* Oxi Lëck æ Oxi Oxk 
Uj O* hin 2 Ov, Uj Ov, D., 4 
c2—wdtdrk e \ dri cm ôt Se 
2 *ODin O^ hin 2 Uj Ow 
be - = - Dj 
c? "s Oz) Ozrjürk  c)g—wOgh 7 T (22.1) 
2 *ODin Uk *ODin 2 Uk Uj OU, f 
dj Din + 
SU Or c? Ot )3(Ei zs ôt > 
2 *ODin O^ hin 2 vk 1 
+ Lo m - | - Fu; | Din 
gU 8g 0zjOz"*  c?NOg) c? E T 
2 *ODin + *ODin 2 *ODin 
- v; H HI 
c2\ 7 ck umm c5 
and also 
1 /*8?^h, Wal? Ob 2 
in i in Z ! H br. D; 
2 (sro SN Balok n "in" 
2 : P 2 *ODin 
as d ( vj Vk Din + Uk Vj Din) A UjUk at t (22.2) 
2 
+ d CAD, Dinu + ALS Dy Uj + AE E Dij Uj + 
2s "AL Dri Uk + "AL, Dij V) ; 
where we denote 
1 Ov, Ou; 1 A EN 
Vin = z E SH 2d (Fr uj + F; Up) INE Ui. (22.3) 


Therefore, we have 
1/ hj : ENT 2h OF hs m" 
2 V80zj0z* | OziOz"^ ` Ozj0z^  Oxiüzh]) "` 

ELI NAT 

 A4VOziüz* | Ark Oxi 4 


| *O^ hi 
0z'Ór^ ' Oz^Oz! 
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D(*Oha CORN l1("*9hs | "Oh. 
4\ 02302" Oz"dzxI 4 VOziür* | OzkOz! 


1 
SE (V jx Din + Vin Djk — Vin Dix — Yik Djs) — 
1 
ES 2 ( vj* Vx Din + Ui" Vj Din + U Vn Djk + Us" Vi Djk = 


— vj* V, Dik — e "Ma Dik — vi* Vy Din — vx* Vi Djin) + 


H 1 "ODis | *OD jx *ODix *OD5n 

—|U;U UU Viu UU 

c a ZE a OM Bp E E 
1 

p CAL, Din V1 SAL. Dai vj HAL Dij vj TN Dg Uk + 


c 
*AL *AL *AL *AL 
+ "Din Dit Vk + Din Djk vi "AS; Dii vi +*Ang Dji vi + 


*AL *AL *AL *AL 

zb Aij Dki Un T Aik Dj Un = An Dik Ur Ani Da Uj — 
*AL *AL *AL *AL 

= Ak Dij Uj == BS Dy Un — Aj Dij Un — Ai Dijn = 
*AL *AL *AL *AL 

— Any Dri Vi = Akn Dj Vi = Aij Dg Uk = AL, Dj Uk) = 


_1/*8hin _ “Ohim \ l(*8ha "Oh 
A4 VOzj0z* ` ƏðrkƏðrİj) A VOz'Oz^ ^ Oz^Oz! 


deu SCH LS Ze 


(22.4) 


4 VOziÓOz^ | Oz^Ozj 4 VO0ziOr*  OAxkdx* 
1 
Se (ron Din + Vin Djk — Vin Dik — Yik Din) — 
1 
eis d D (“Vk Din = "Vu Dix) + Uk (V; Din —*Vi D) + 


cu (*Vn Djk = Wi Djin) + Un (UM Djk = Tw Da) + 


1 n *OD jx *ODix *ODjn , 
"aka tU y CU p "ie? 
1 
t3 ES (Di v, + Dai vi — Dis vi) "As (Dags + 


+ Dev; — Data) -Aln (Da vx + Drivi — Diku) — 
— Al, (Dy Un + Dat Uj — Din v) $ 


We then obtain 
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AL Ajki— Al Aint = Ia, E (Div. 4- Dlvi Div!) x 

x KI — 3 (Djivx + Dia vj — Da vil = 

— ET — E (Div, + Div; — Dixv')| x 

x Kä — E (Dj vy, + Driv; — Djs vil = AL Aq 

— "Aly Ajn — SACH (Div, + Dlvj — Div!) — (22.5) 


1 1 
E "Als Lag + Digvj — Daa) + a Ain (Divi + 


1 
CC De Vi — Dik v!) + a An (Dit Un + Dn Uj — Din v!) + 


1 
TA | (Di +Dyi¥; — Divi) (Div, + Di vi — Div!) — 
; l D m 

= (Dji vs, + Dav; — Djs wi) (Div, + Dy,vi— Dinu ) ‘ 

hence, 
1 
Kkjin = Skjin — d (Vj Din + Vin Djk — 
1 x * 
— Vin Do — Vin Dj) D (*Vi Din —*Vn Dix) + 


c? 


+ Uk (*Vj Din — * Vi Dj) + vi (“Vn Dax —* Vk Din) + 


; : 1 “OD; 
+ Un ( Vi Djk — Vj Du) p Lon Z H 


T UiUn 


left *ODix Ss 
U;U i 


gun 


1 
4 a (- UjUk Dij D} — UjUn Dj Di + UjUs DaD} + 


1 
+ UVR Dach) + a |- v! (Dj vx + Dij vj — Dat vi) Din — 
— vw (Div, + Da vj — Djs v) Di + v (Duun + Davi — 
— Din vi) Djk +u (D; Uk + D; vi — Dik v!) Din| T 


1 
+ SC? vu; (- Da Din + Dj Dix) j 


2.22 On the curvature of space 119 


Introducing 
1 / Ov, Ov; 1 i 
Djk = 2 E SI 2c (LP vj + Fj Up) — Aart VL (22.7) 
instead of V;, , i.e. 
1 
Won = Mjk d (Div + Div; — Djxv') uu, (22.8) 


and solving equation (22.6) with respect to Skjin, we can finally 
write 


1 
Skjin = Kkrjin + d b Din + Xin Djk — Ujn Dik — 
ET 
= Lik Din| + a "UU [ Djs Din = DinDix| + 


1 *ODin sën, 
d D (p Di 3t ) + ViUs Loi: x — 
(22.9) 


*OD; *ODin 
— UjUn (Dan; — s) — ViUk (Dan; E Ee ) + 


1 * * * * 
tv V; Din — * Vi Din) + v; (* Vk Din — "Me Dix) + 


+ ui (“Vn Dik — "Mi Djin) + Un Vi Dik — *V; Da) , 


Comparing formulae (22.7) and (20.31), we verify that the con- 

ditions 
0; —0 
Gs (22.10) 
DIEN 

are equivalent to the conditions 
0; —0 
E : (22.11) 
Xik =0 


Hence, there are oo? systems of the numerical values of the 
coefficients B, B;, Bg, in (20.3) which, at the world-point we are 


considering, permit the conditions (22.10) and also the equality 


Skjin = Kino (22.12) 
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Note that the conditions (22.10) or (22.11) are equivalent to the 
conditions 


Goi = 0 
Oox 090; Cie (22.13) 
Ox) Ozk 


We now have a possibility of finding the geometrical definition 
of “the space curvature” (see the geometrical definition of space at 
the beginning of §2.2). We assume a world-point 


z” =a", o =0,1,2,3, (22.14) 
at which we take the spatial section 
z? = a° (22.15) 


of the four-dimensional world. We define the metric in this spatial 
section by the sub-tensor 


22.16 
goo ( ) 


hik = —gik + 
It is evident that the curvature of this spatial section will be 
defined by the sub-tensor ke, Transforming the ime coordinate, 
we obtain another spatial section, fixed through the same world- 
point. In the new spatial section, the numerical values of hig at the 
world-point will be the same, while components of the curvature 
sub-tensor Kķjin will have, generally speaking, different numerical 
values. We will limit the circle of the spatial sections we are con- 
sidering. We will consider only those spatial sections which are or- 
thogonal (at this world-point) to the time lines of this reference fra- 
me. In other words, we will consider those spatial sections where, 
at the world-point, 
gor = 0. (22.17) 


In this case we have 
w — 0, (22.18) 


- 1rz B 2 z 
Skjin = Kkjin + E [E54 Din + Din Dap — Ujn Dap, — Zap Das). (22.19) 
Since by (22.18) we have 


Mu Xu, (22.20) 
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hence, at this world-point, 
ra = = = 
Skjin = Kejin + EI Loy + Xin Djk — X jn Dik -XaDj.]. (22.21) 
It is also evident that 
zn. eus Sinj 

$=K+5 | XD E D) (22.22) 

where PONE 
X = Xy hf. (22.23) 


Changing values of pam we change values of Ruin and K as 
well. Hence, different spatial sections, which are orthogonal to time 
lines at the given world-point, have, generally speaking, different 
curvatures at the point. Moreover, both their Riemannian curvatu- 
res and their scalar (mean) curvatures are different. Now, we will 
consider only those spatial sections, where the conditions (22.10) 
are true at the world-point. We will refer to them as the maximally 
orthogonal spatial sections. In all the spatial sections, the conditions 
(22.10) and (22.12) are true. Therefore their curvatures (both the 
Riemannian curvature and the mean curvature) are the same. 

Taking “space” in the sense of §2.2, we can give the geometric 
definition of its curvature* as follows: 

We will mean by the “curvature” of the space in a given world- 

point the curvature of any spatial section which is maximally 

orthogonal at this world-point. 
This definition of the space curvature justifies the terminology we 
gave, in accordance with which the chr.inv.-tensors Skjin and Skj 
are the chr.inv.-curvature tensors, the chr.inv.-invariant S is the 
chr.inv.-curvature invariant, and 4,; is the chr.inv.-Ricci tensor. 

Next we assume that U? is the chr.inv.-unit vector, which is 
orthogonal (at the given world-point) to the two-dimensional di- 
rection we are considering. Having the spatial section in the world- 
point fixed, we find that its Riemannian curvature Cg (U) along the 
aforementioned direction is 


1 
Cr(U) = C4,U'U* = KqU'U* — 3K, (22.24) 
and because of (21.28), 
hr UHT UH = 1. (22.25) 


*The Riemannian curvature — along the two-dimensional direction, the scalar 
curvature — on the average. 
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Calculating the mean curvature Cy of the spatial section in this 
world-point, we obtain 


1 
C--.K, (22.26) 


where l 
C = h" Cik. (22.27) 


So, because of what has been said above, we can write the 
Riemannian curvature "Ce of the space in the given world-point 
(along the two-dimensional direction we are considering) and also 
its mean curvature Cy in the point as follows 


1 
"Cg(U) = Z4U'U* = Sq UU- 78 (22.28) 


and 


1 
"Cy — 122-08. (22.29) 


w| = 


o 


Chapter 3 


RELATIVISTIC PHYSICAL EQUATIONS 


$3.1 The metric tensor 


The main task of this section is to put the equations of the Gen- 
eral Theory of Relativity into chronometrically invariant (chr.inv.- 
tensor) form. We will first consider the metric world-tensor. 

In Chapter 2, we have obtained the covariant metric tensor 


equations (2.9), (2.10), and (8.9) 


w 

goo = (1- 5) , (1.1) 
WN Ui 

erm - 
U;Uk 

Jik = —hik Le (1.3) 


1 yÍ 
g = - (: ES 1, (1.4) 
(Air ^ 
c 

. 1 i 
Bun. ens (1.5) 

po 

C 

gies (1.6) 


and the fundamental determinant g, equation (8.19) 


Vs (1-5) vk. (1.7) 
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$3.2 Christoiiel's symbols of the Let kind 


Because 
Ógo 2 ( 1 z) Ow 
Aaf | c c? / ôx?’ 
we have 
r = o (1 Si Ow 
EET. c2/ o 
and so we obtain 
Ogoo 2 ( z) Ow 
Ox! | c c? / Ax?’ 
O90; 1 ôw 1 ( x Ov; 
= Ui 
ôx? ch "Om c c2/ Och 
and also 
090i 104900 1 Ow jl 1 ( =) Ow Ov; 
= i r [6i 
ôx? 2 Oxt c3 "Gi c c?) N dx? 0x9 
1 (1 z) e 1 Ow 
= SS ictu Ui. 
c? c? ch 8t 


because of formula (6.5) of 82.6. Thus, we arrive at 


1 w\2 1 Ow 
Tois (1-3) Rt aug 
Because 
Ogoo 2 ( Si Ow 
Ori æ c?/ Og! 
we have 

L0 w\ Ow 

Poso = c? ( a) Oz? 


and so we obtain 


090; 1 
Ox? 


9gi 2 W 1 Ou; 
J = E (1 E ) Di; (s Hv. 


)- 
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(2.1) 


(2.2) 


(2.5) 


3.2 Christoffel's symbols of the 1st kind 


and, hence 
1 (09:3  Ogoj goi 1 ( w 
i) = 1 ) 
2 E t Oat ~ Baxi c il" 
1/0» Ow 1 Ou; 1 Ow 
S E ne E Oxi )| taa 355 x3 5g 
aie Ow 1 10; e A Ou; 1. Ow 
Coari Ae 850 cà " ago v 2c3 "gai 
1 Ow 1 w 1 /ðv; Ow 
Et ) De j Es 
cU gj c ( c? | gg 2 E ES 
1 1 Ow 
t D (Fiv; Fjvi) t E zl t E Uj api = 
1 w 1 1 Ow 
= (Ae (Bu +4e+ oem) t 
Thus, we arrive at 
wW 1 1 ôw 


1 
Tog = —- (1 


c2 


) (Di I Aij t Fits) + a U gg s; 


Because of (2.9) and (2.10), we have 


090i 


1 090; 
2\ drt ` ën 


Ou; 


OgijY 1 AL pM ON 
Gef JI 2c \ ləri * gi 


ch: 3 


Oz! 


Ou; 1 Ki 
1 )Da 
+) ( ey 


1 
as 
2c2 V ? Ax 


Ovi E Ou; dÉ zix 
vi = 
ax! c c? 
Ou; 1 
ECH Ppa ean SÉ 


1 € Ou, 
S | D 2 E 


and hence 


EE 


c cà 


Finally, because 


Ogij ` 


Ark — 
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(2.11) 


(2.12) 


(2.13) 


(2.14) 


(2.15) 
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we have 


1 E SE? 2) 1 t Ohik Si js 


2\ dz? O0zj Oxk 2\ Ox? Oxi Och 


1 bs Ov, Ou; Loge uk Ovi e 
22 | (Əri Ark) "Lä Oxk ) (2.16) 


Ov; Ov; 1 
EC ge) | + gal ee Fees) + 


T Vj (Fiuk E Pal — Uk (F;vj + Fjvi) + EN E 


and so 


1 1 Ou; OU; 
l'k = Ato äng? 2 Uk E + = 
(2.17) 


1 1 
— ES Uk (Fivj + Fj «) + ga Feu e 


Formulae (2.2), (2.6), (2.8), (2.12), (2.14), and (2.17) collected in 
their final forms are 


1 w\ Ow 
Tonn = 3 (1 =) aE? (2.18) 
1 AV 1 Ow 
Iw -5(1-2) Rz um. (2.19) 
1 w\ Ow 
Toig = c (: a) 025 ' Ven) 


1 


w 1 
L'oij = x^ (1 — ^) (Da + Aij + af vi) + z (2.21) 


1 w 1/0v; Ow 1 i 
lijo = d m [Ds 2 Ex "aon (Fivj1 Sal , (222) 


1 1 Ov; Ou; 
Dijk = ijk +B äer Aint 5 d Dy ) 
Í (2.23) 


1 1 
— ES vx(Fiv; + 5j) + 2 Feu; j 
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$3.3 Christoiiel's symbols of the 2nd kind 


Because of (2.18) and (2.19), we have 


1 ce v; V N Ow 
00 Ok : 
r Dos = 1 
g Loo, +9 look ecu ( cz ) Ot 
1 WwW 1 c? OW 
1 ) JEF, H E = 
c3 ( c? E ëm! at 
1 c) Ow w 
= 1 Jv Fel, 
zx ct | 
hence 


1 ce Ow w 
To = m | + (1 Z) da . 


Besides these, because 


Dei T g”'Too, TA y 


we get 


Because of (2.20) and (2.21) 


1 ,0w HC Tyr ER 


1 d v; V) \ Ow 
00 Ok Ex J 
g Voio + 9 “Ton = 22w (: c? ) Eh 
SA 1 1 v,v* Ow 
Tm (Dix Au - 2 Pa, See, 


1 OW 1 i. ate et d k 
T E 


we obtain 
1 c ôw 1 
0 _ k -k pk 
To = zz mme (nl cA, Vogue ) 
and also 


1 wW - 1 
Del wv = z (D S (DE Ui F* 


1 1 
re, = e E ^) (pt qu Tap ) 
C C 


C 
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(3.1) 


(3.2) 


(3.3) 


(3.4) 


(3.5) 


(3.6) 
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Because of (2.22) and (2.23), we obtain 


1 d vi Ob 
00 Ok = k 
9 Tio tg Tije = a(t c? E 


1 Ov; Ou; 1 
e D 2 E u St ' 2g (Fivj 4 5j) i 
1 
c 


c? 1 cd 
4] 3 Aij k U 3 umm A Vi Ajk + Vj Aj + 
1 / ðv; Ou; 1 
E E 3 sl pou Ew) | 7 ve 
1 d c? UU 
dà v'Fyvv; = aoe 1 5 Di 
1 e d ge ou 
l ag Bu Be (Ase + Ain) 
1 c 
SR U^ Py UV, 


(3.10) 


1 1 
+ SM (vi Aj: + vj Aj) + au , 


where Zu is defined by formula (22.7), $2.22. Thus, we obtain 


1 1/0v;  Owj 
ko kl n kin. j i 
EE ee E ES ug) | 


1 1 : i 
NR SS (Fivj + 2) + Ai, — E ge A + v; A* + 


1/0v; Ov; 1 1 
k J | G ay P EE 
ds EE Si 2c? Seil uot Vitz = 


1 1 ; e 1 
— AT, = a UD = e (vi Aj + vj Aj) = a Eege, 


(3.11) 


which gives 
1 1 
k k k kk kk k 
Diy = Aaj (Put? + Al + Al + €wwF). (3.12) 


We introduce Y; instead of 2; into formula (3.10), and also "AT, 
instead of A into (3.12). Then, according to formula (22.8) of 
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$82.22, we obtain 


k k 
URU URU 1 
SEI - (EE ( e In, ka Drot 


c 1 k k 
SIE Dij + E vs | (D; + Af) ut 
1 
+ (Df + AT) v; + x vu Pr! \ 
Because, in accordance with formula (13.8) of 82.13, 


1 1 
k k k k k 
Aij — Pui SERIES vj + D$vi), 


we get 


r$ = Ar = EE (D$ +A) + v; (D Al + Aus el 
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(3.13) 


(3.14) 


(3.15) 


(3.16) 


Formulae (3.2), (3.4), (3.6), (3.8), (3.14), and (3.16) collected in 


their final forms are 


c? ic)^-wót 
1 ww? 
k k 
To= -a (1-3) F^ 
1 c) ôw 1 
phos | (pt A qu i) 
"s al onor AATA Tan f 
1 Kä 1 
k ky Ab: pk 
KEE (1 Z) (2; ZEIT ) 
1 e 1 
0 — - (pk d 
r$ = sel Dij + 5 w[w(D$ + Af) + 
1 1/0v; ðv 
; k n DE agn J | 1 
Let + Ag) + d | i SE | Si 
1 *A k 
"a (Fis + Fu) - abu]. 
1 1 
k _ «ak ka Ak ka Ak k 
Y= at- lait Aë ev (D! +A") +3 UF | 


(3.17) 


(3.18) 
(3.19) 


(3.20) 


(3.21) 


(3.22) 
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We will apply the Christoffel symbols, when we deduce equa- 
tions for the dynamics of a point-mass in order to find the mech- 
anical sense of the quantities F; and Ajg. However, before we do it 
that, we need to consider the problem of the square of the velocity 
of light, and also introduce the mass, energy, and momentum of a 
test point-body. 


$3.4 The speed oi light 
It easy to see that we can re-write the equality 
ds? = goo da da? + 2 goi da? da + gip da! da (4.1) 


in the form 


2 
ds? — (væ da? + Za + (ss - Së dz'dz*, ` (4) 


or, in the alternative form 


Hence, we have 


ds Y da da 
(v goo =| —1- hik (v goo =) (v goo =) (4.4) 


and, in accordance with §2.9, 


dz? Ki 
goo — = —. 4.5 
Joo da, z (4.5) 
We therefore obtain 
ds 2 HI 
/ =1-h; 4.6 
( Joo =) kd (4.6) 
or, in the alternative form 
ds Y *u,*u) 
V/goo =1 SÉ 4.7 
( Joo =) dà (4.7) 
For light rays we have 
ds — 0 (4.8) 
and, hence 
tuju = œ. (4.9) 


So the square of the chr.inv.-vector for the velocity of light 
equals c? in emptiness. 
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$3.5 A point-body. Its mass, energy, and the momentum 


Using the transformations (4.9) of 82.4, we can set the potentials 
to zero at any given world-point. Then, having the potentials zero 
at the point, we can write equations for the mass m, energy E, 
and momentum p of a point-mass analogous to the appropriate 
equations of the Special Theory of Relativity. Namely, we can write 


dá? 
m = Moiz ` (5.1) 
E — mc, (5.2) 

; c dà? 
p = Mo ds (5.3) 


At the given world-point in the coordinates 2° (c = 0,1,2,3) we 
have chosen we have 


go — 1, jo; = 0 (5.4) 
and hence 
di 
dë? = dõo C9. (5.5) 
v Joo 
and so we obtain 
di 
TBI NS i (Gei 


L d. 
ato zs (5.7) 
Joo Vv Joo 


is a chr.inv.-invariant in any arbitrary system of the spatial coordi- 
nates z? (c =0,1, 2,3) of the given reference frame. For this reason, 
in general, we have 


Mo dzo 
m = DAS 5.8 
Joo ds SS 
and, because of (4.7), 
manm (5.9) 
"ufui 
1— d 


We have thus obtained equations for the chr.inv.-invariant of 
moving (relativistic) mass. The chr.inv.-invariant of energy can be 
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expressed by formula (5.2). So, with §3.4 as a basis, we can say that 
the energy of a point-mass equals its dynamic mass, multiplied by 
the square of the velocity of light. 
Because dz’ is a chr.inv.-vector, i. e. 
dëi = dr’, (5.10) 


in the general case we have 


i cdz’ (5.11) 
=m à 
p Us 
This is the equation of the chr.inv.-vector of momentum. As we 
have obtained : 
dz’ dr’ 1 dro 
= [900 5— || ————— 5.12 
zm ( goo =N doo ds d ( ) 
then, taking (4.5) into account, we arrive at 
pP —m*w. (5.13) 


$3.6 Transformations of the energy and momentum of a point- 
body 


With our results for chr.inv.-derivatives and chr.inv.-velocities a 
basis, we can say that the operator, invariant with respect to trans- 
formations of time the coordinate and also, with the potentials are 
set to zero, coincident with the operator of the total derivative with 
respect to the time coordinate 


= DER (6.1) 


take the form 


BEA Za 
di at Oxi” 

We will refer to the operator as the operator of the total deriva- 
tive with respect to the time coordinate. 

Let us find the relation between the chr.inv.-total derivative 
with respect to time, on one the hand, and, on the other hand, the 
derivative with respect to local time and the partial derivative with 
respect to time 


*d p^. cul ð V 4 39 
= - U = 
dt 2-wôt c2—w—vu,uk Oz) "dm At (6.3) 
c? Ó c? cà—w |. 0 ` 


B 1+ gd) | wv —. 
ze c2 4 Ot  c?—wc?—w-wvyu* Oz? 


3.6 Transformations of a point-body's energy-momentum 


We know that 


Y 66s ËU c-—w 
1+ jyw=l+sa ko jÀ 
C C^ — W — Uk c^ — W — Vu? 


hence we have 
*d ce? (1+ t d d 
d c?—w c2 4 dt 


or, in the alternative form 


‘d 1 d 
dt 1 ; 
1— d (w+; u?) 
Because 

dzo — e = (1 Si 1 wW v; uj e 
dz? — GER dz? — c2 c2 c2 B 
u 1 (1 zy 
i 1 ct 


ay Saul 
EH 


and taking formula (4.7) into account, we obtain 


dz? e 1+ E vj Kl 


*u, Kl 
c? 


L= 


d 1 .\ @ 8 .,8 
z EE D 
=(1 auw)u at ur 
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(6.4) 


(6.5) 


(6.6) 


(6.9) 


(6.10) 


Employing the formulae we have obtained for the energy of a 


point-mass, we, in particular, have 


“dE hi *ux*u* cdE 
dt ` c2 ds ` 


(6.11) 
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* 
Because E is a chr inv.-invariant, E is chr.inv.-invariant as 


well. The total derivative 


got op eng Elek 
dt ôt Oz) 


(6.12) 


of any sub-vector Q* is not sub-vector. At the same time, it is pos- 
sible to introduce the sub-vector 


. 8 : 
—— + Ah Qiu) = eet NG Q*) uñ, (6.13) 


which characterizes the total derivative. 
The chr.inv.-total derivative of Q^, the quantity 


*dQ* » *gQ* i 02" 
dE ^b TB 


(6.14) 


is not a sub-vector either. We can introduce the operation of chr. 
inv.-total differentiation, which, being invariant with respect to the 
transformations of the time coordinate, coincides with the regular 
operation of obtaining the sub-vector of the total derivative when 
the potentials are set to zero. 

The sub-vector of the chr.inv.-total derivative of Q* is different 
to the regular formula (6.13) only by the presence of asterisks 


*dQ* *oQ* 
dt Ot 


L'AS QU = + (*V; Q*)*w . (6.15) 


Using (6.4-6.6), we obtain 


*dQ* *Ak (EG) c 1 *,n 
di +A w = mhith Js 
dQ* i (6.16) 
Lj k k 
x [Sat Qu? + -z (Djv + Div: KEEN 
or, in the alternative form 
aor 1 
E T'AS Qi = i x 
1— + (w + vnu”) 
c (6.17) 


d 
x [eas dubi E (D$ wi 4 Df vj Dau "oe, 
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Comparing (5.11) and (5.13), and taking formula (5.9) into ac- 
count, we obtain 


cda KI 
SSC =: (6.18) 
1 Uk U 
S 
Because of (6.9) and (6.18), we have 
Cou *us*u^ (dQ* rn de! 
dt + At ul LI 1 ES ER t AQ Ae R (6.19) 


Applying the obtained formulae to the momentum of a point- 
mass, and supposing that its rest-mass mo remains unchanged, we 
can, in particular, write 


*dp* e *us*un fd?z* da dz! 
E EK AT = mac ul = er HAR zm Jt (6.20) 


Because the sub-vector of momentum is chr.inv.-vector, the 
sub-vector of the total derivative of momentum with respect to 
time is also a chr.inv.-vector. 


$3.7 The time equation of geodesic lines 


With the four equations of geodesic lines 


dg a dz" da" e 
ds? > 


“Gs ds i a, u,v = 0,1,2,3, (7.1) 


we are going to consider the time equation (a = 0) 


o dz? dar 
9 ds ds 


o dz da? 
Ids ds 


i 
T 


Z; (7.2) 
Substituting (6.8), (5.9), (5.2), (5.12), (6.9), and (6.10) term-by- 


term, and supposing that the rest-mass of the point-body we are 
considering remains unchanged, we have 


d'I? d dz? d | mc? (1+ Ly d 
== Tt, = x = 
smo ds? ds ? ds ds|c?—w c2 4 


1 (dE dp? mc? (1+ l di dw e 
= FU; | ; = 
ce—w\ds 7 ds (c? —w)? c 7 ds 
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gm EUM 1 c [(*dE ,, dei 
c—w ds | *u *yp | c2—w \ dt 1 dj’ 
c3,/1— P 
c 


(7.3) 


Ta. ani D. A e, OW 


c?—w ôt Ox? 
Because of (3.17), (6.8), and (5.9), we obtain 
dz? da mo ch 
i = 
Mot 00 ds ds " 


Up uP (7.4) 
2 
m c? 1 ch Ww 
1 * S Lé 
S "uy uP esl EE ls w)? ot x 
C 

2 
c 


Next, in the same fashion, because of (3.19), (6.8), (6.18) and 
(5.9), we obtain 


dz? dri m c ðw 
0 _ 0 l l 
2mol oi ds ds | c | c? — w Oz? S E SEN 
2 1+ i Ua u” "E 
xy si c ED u 
ET -w "up uP "ue uf 
fz c41 5 
G Ç (7.5) 
2 
m m c 


na 4 1 *, t 
x ou vi (DI + AT) u ta u (r). 


Finally, because of (3.21), (6.18), (5.9), and also (22.3) of §2.22, 
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we obtain 
i dod 2 
n J dz’ dz Lo 2 V; — Dig 4 
ds ds c cà)—w 


+ E UL [e + Aj.) vi + (Di + Aj) Uj + E viv, E] \ x 


Ki m c 
x = X 
* * D * * 2... 7.6 
aio “up? fp EE E 
c? c? 
EAE: 5 OY a bal 1 nl * 10 *ATCE ik J 
X uw i Diu u — — vj "w(F;*u*) Ag u t Us + 
c C 


+ Suus (DE E AD 3 Te (vy (o p) | 


Hence, we have 


D IC e j Untu” dq po dz" dz"N ` 
KR c? c? ds? D ds ds} 
“dE 4 Ki á (1 " NN dt c j Ow " 

= — Le +m — Un*u ———) = 

dt um c^ c)— w/ Ot 


2 
C «, j OW ( 1 wl 
GC Ee Lk ginu x 

2 


2 OU; 1 2 28 
" c ty) vj m(1 i z wu") ( E: ) Th 
c c?—w 


1 
4 m(1 +53 vin") 
C 


c—w Om 


3 MUn U” (F; "ul + 


I 
V 
3 

“~~ 
HG 
+ 
| 
3. 
g 

3 
ed 
| 
e 
3 
g 
3 
ra 
> 
ES 
= 
+ 
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Therefore the time equation of geodesics can be written in the 
form 


"dE T 
mo mDij"u'*u? — mFi“u + 
+ Up | a + "AT p "u) — mF* + 2m (D? + AF) u| =0. 


The left side of equation (7.8) is co-invariant, however this for- 
mula is unchanged under transformation of the time coordinate, 
because it is a consequence of one of the four geodesic equations, 
which have world-tensor nature. For this reason we can use the 
method to vary the potentials here (see §2.4). 

Assuming all the v; are zero, we obtain 


"dE 


di + mD,;*u'*u) — mFj'w =0. (7.9) 


Because the left side of this equation is a chr.inv.-invariant, the 
equation is true under any choice of the time coordinate (in any 
reference frame). So the following equality holds for any choice of 
the time coordinate 


* dp* 


dt 


Uk + "AT p" — mF* + 2m (Df + Aldi 20. (7.10) 


Assuming term-by-term that 


v #0, Up = 73 = 0 
U2 #0, U3 = Ui =0 (7.11) 


v3 £0, Uy =v = 0 


and taking into account that the quantities 


*dp* à : : 
di -— "AL, p'*u) — mF* + 2m(Df + Aj) uf (7.12) 
are components of a chr.inv.-vector, we see that the equalities 
"pea s k ix j k k aa, i 
d +AGp mk + 2m(Dj + A;*)*u’ =0 (7.13) 


are true for any choice of the time coordinate (in any reference 
frame). 
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The four equation we have obtained, namely equation (7.9) and 
equations (7.13), were deduced from the left side of only one equa- 
tion — the time equation of geodesics. The other three geodesic 
equations were not used. At the same time we include the other 
three geodesic equations in the algebra, because only all the four 
equations as a whole have world-tensor nature. Therefore we must 
consider equations (7.9) and (7.13) as consequences of all four geo- 
desic equations, not of only one of them. At the same time the 
possibility of obtaining equations (7.9) and (7.13) from only one of 
the geodesic equations demonstrates the utility of the method we 
used to vary the potentials. 


$3.8 The spatial equations of geodesic lines 


We are now going to consider the spatial geodesic equations, i.e. 
equations (7.1) with a = 1,2,3 


p dz? dr? p E 


d?r" rè dz? da? e 
ds ds U ds ds 


2L 
ds? 00 ds ds RR 


=0. (8.1) 


After the results we have obtained in §3.7, we expect nothing 
new from them. For this reason we limit ourselves to their con- 
sideration in only a formal way. 

Employing (3.27), (6.18), (6.20), and (5.9) term-by-term under 
the supposition that the rest-mass of the point-body we are con- 
sidering remains unchanged, we obtain 


d?r" I mT dri dai — Ga". . drt dzi 
9 ds ds "TL ds? 9 ds ds 


ara Jup + AT) v; + (DE + AT) vj + uwr] x 


2 . Ze 2 
x murtu” (DE + AF) "ut — am (Un*u")” F* | ; 


Because of (3.18), (6.8) and (5.9), we obtain 


dz? da? mo w\2 2 y 
re SEENEN 
"To 00 ds ds c? e 
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2 
Lan 
(1 + e Un U ) m 1 2 
x e * D x A O€ (a+ 2 vin") p (8.3) 
p= pu ad pe B uP S 
c? cà 


In similar fashion, because of (3.20), (6.8), (6.18), and (5.9), we 
obtain 


daz? dz’ 1 
ymor e e2 =2 (1 T) (DE + AF + 5 uF”) x 
C C 


9 ds ds c 
1 
e 1+ ca Vnu” [s 2m 
S c? —W Kl af Kabes Za SD (8.4) 
C e = P ) c? 1— Up U 
2 
1 ; 1 
x (1 Tos vu") E + AF) “ut + E del . 
c 
Hence, 
Zut * 2mk u v 
2 uj*uP (d , dz" da 
1 = 
HE c ( ds? ^ "ds ds 
*d. k . . 2 ; 
= E + "AT, p'*u — E m v, "u^ (DP + AP) *u* — 
1 * 2 mk 1 *, TL S k 
-umwu) F -m(1& wu) + (8.5) 


+ 2m(1 + E vu") (DE + AF) "ut + 


1 
+ 2m 1+ 5 Vnu”) eu FF = 
[s [o 
2 "dp" *Ak pi tys Fe + 9m(DE + AF) *y! 
= ages jP w -m +2m(D} + nyus 


Therefore the spatial geodesic equations can be written in the 


form 
* 


dp! 

dt 

which coincides with formula (7.13). 
Because of the identity 


UAE pu — mF* +2m(D} + AF)*ui =0, (8.6) 


dz” dz” 
pe ce 8.7 
gu ds ds ( ) 


only three of the four geodesic equations are independent. Accord- 
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ingly, only three of the four equations (7.9) and (7.13) are inde- 
pendent. The identity which links equations (7.9) and (7.13) can 
be obtained from the condition (8.7) or, equivalently, from formula 
(4.3). As a result, we obtain 


moc dao V. cdz’ cdz* 
(TT) (m Lanz Je 68 


and, taking (5.8), (5.2), and (5.11) into account, 
2 


pm hik p'p* = mic (8.9) 
or, in the alternative form 
E? ; 
SC pipi = mac. (8.10) 


Formula (7.13) can be considered as the main equations for the 
dynamics of a point-mass, and also as the theorem of momentum. 
Formula (7.9) can be considered as the theorem of energy, which 
is a consequence of the main equations (7.13), because of equation 
(8.9) or equation (8.10). 

Let us show how to obtain (7.9) from (7.13), using (8.9) and 
under the supposition that mo remains unchanged. Under this sup- 
position, equation (8.9) leads to 


2 "dE , y “dhik ; "dp 
E imk 2hj A "E = : $ 
Qd P?P'g A As T) 
Because of (6.2) and also (13.11) of 82.13, we have 
"dh; * * EH) 
ES = 2Diy + ( Aij,k + Ax i) dE (8.12) 
For this reason, we obtain 
"dE EE) EU * ik, J | * 
i = mDi;"u'*u? +( di + AT p v) u*. (8.13) 


Finally, considering (8.13) and (7.13) together, we obtain (7.9). 


$3.9 The mechanical sense of the power quantities 


We introduce a chr.inv.-vector Q;, defining it by the equality* 


1 j 
Qi = z Eie A. (9.1) 


*Compare this definition with formula (16.9) of §2.16. 
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Then (see formula 16.13 of 82.16) we have 
Algo (9.2) 
and we can write the vector product of Q; and *u; as follows 
gtk Qiuj = Ak "uj — AP yt (9.3) 


Therefore we can write (7.13) in the form 


*dyk me S : 
E + "AT, pu) = mF* — 2m e Q;*u; — 2m Drui, (9.4) 
Equation (9.4) and also equation (7.9), namely 
"dE ; si 
SS mF;*u — am Dein *u, (9.5) 


retain their form in all reference frames, and hence, also in the 
at any given point locally-stationary reference frame. However the 
chr.inv.-tensor Dix, by its very definition, is zero in the locally- 
stationary reference frame, so we have, at the given point of this 
reference frame 


aot "AL, pul 2 mF* — 2mg** 0,*u, , (9.6) 
"dE ; 
a REECH (9.7) 


Hence, setting the potentials to zero at the world-point we are 
considering, we have at this point 


dp" k i, j k ijk 
a + APY = mF^ — 2mg?^Qu;, (9.8) 
dE ; 


On the other hand, the equations in an arbitrary reference 
frame have the classic form (in curvilinear coordinates) * 


dp" k i,j k ijk 

"ac uP = OT — Ame" Yiu; , (9.10) 
dE 
EC jw, (9.11) 


*As a mater of fact, the relativistic definitions of energy (its varying part) 
and momentum coincide with the classic definitions only under the approxima- 
tion u* 2 0. 
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where ¢* and $; are the contravariant and covariant vectors of 
a force (the force includes forces of inertia), y; is the covariant 
vector of the angular velocities of the rotation of the given reference 
frame. Therefore we can say that F* and F; play the part of the 
strength of gravitational inertial force fields or, equivalently, the 
part of the gravitational inertial force, calculated for a unit mass. 
Thus, Q; plays the part of the momentary chr.inv.-angular velocity 
of the absolute rotation of the reference frame at the given point. 


$3.10 The energy-momentum tensor 


We are going to consider the energy-momentum world-tensor in 
the coordinates z? (c —0,1,2,3), which set the potentials to zero 
at the world-point we are considering. At this world-point, in a 
continuous medium, we have 


quoe S (10.1) 
zo Le 
TU es z7, (10.2) 
~i 1 ~,, 
DW eU, (10.3) 


where p is the density of the moving substance, J} is the momen- 
tum density (or, equivalently, the density of the mass flux), Ui is 
the three-dimensional tensor of the kinematic (absolute) stresses, 
which is the sum of the tensor of the regular (relative) stresses and 
the tensor of the density of the momentum flux*. The world-point 
we are considering is characterized by the conditions 


goo = 1, Goi = 0, (10.4) 
so at this world-point we have 


Too — ĝoaĝop T^^ 


- = 700 (10.5) 
goo goo 
and also o 
RER) (10.6) 
goo 


*See [8], p.231, and also [1], p.70. Further, we will use p to denote the “local 
density” of matter. In the homogeneous models, regular density and pressure 
coincide with the local density and pressure. 
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In similar fashion, and taking (10.4) into account, we obtain 


eum e TE (10.7) 


and hence, 
meg. (10.8) 


In accordance with $2.3, the quantities on the left sides of (10.6), 


(10.8), (10.3) are a chr.inv.-invariant, a chr.inv.-vector, and a chr. 
inv.-tensor, respectively. Therefore, we can write 


Too - lm. (10.9) 


goo goo 
T To 
E ; (10.10) 
goo v Joo 
TULIT (10.11) 
so, in general, we have 
Ti 
“09 _ o, (10.12) 
goo 
T lung 
=-J", 10.13 
V 900 c ( 
ge dct 
Tel = E U”. (10.14) 


Let us find formulas for the components of the covariant, mixed, 
and contravariant energy-momentum tensors. Because of (10.2), 
we obtain 


w\2 
Too = (1 E =) p. (10.15) 

Because of (10.13), we obtain 

1 Ku 
Tk = (1 Es ^) JF. 10.16 
He E ( ) 
Since 

Too = goa TS = goo To + gok To , (10.17) 


and taking (10.15) and (10.16) into account, we obtain 


w\2 w\2 ii w\2 
(i- =) SE (1 =) T- H Z) vy J*, (10.18) 
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1 
To = p+ uud. (10.19) 

In similar fashion, because 
TË = gos T^* = gooT™ + go; T", (10.20) 


and taking (10.16) and (10.14) into account, we obtain 


1 WwW w\2 U; Ww 1 : 
Eqs Z) s (1 ) qok D e ) yir 10.21 
c ( c? c? c ed , ( ) 
ok — 1 c? Er | 1 v;U%*) (10 22) 
cch—w cj ` f 
On the other hand, we have 
TË = e Tao = g™°Too + 9" Tjo, (10.23) 


so, taking (10.16) and (10.15) into account, we obtain 


1 WN k 1 W\ & kj 
"Dm ln S) ve AR Tyo, (10.24) 
1 wW ; 
Ti = —- (1 Z) (Ji + pvi). (10.25) 
We are similarly led to 
TH = gT = gO TË pg, (10.26) 


which, taking (10.14) and (10.16) into account, gives 
lobo 1o dH ik rnj 
3 U 9 — E vI — kT , (10.27) 


TÍ =-5 (vi? + el . (10.28) 


a 


We now use (10.19), (10.25), and (10.28) for deducing the other 
forms of the energy-momentum tensor. Because 


TQ = goo T^? = goo T? + gorT™, (10.29) 


and taking (10.19) and (10.22) into account, we obtain 


1 ; w\2 1 1 : 
p+ xui = e = 5) Too — = Ue (J* + = 40%) , (10.30) 


146 Chapter 3 Relativistic Physical Equations 


di gu AE e 
Tz m Lei nu + uuu js (10.31) 


Because : 
Toi = goo T? = goo T? + goj T; , (10.32) 


and taking (10.25) and (10.28) into account, we obtain 


cl" 3) (4+ en) = 


RC " M (10.33) 
= 0 j Wë j 
- (1-3) ?«2(:- 3)a (wr +H), 
EE: 1 1 ; 
0 | i " d 
T; = m al" 1 (e+5 Pw suu $ (10.34) 
Finally, because 
T) cg Tuc 9 Tog T. (10.35) 
and taking (10.28) and (10.25) into account, we obtain 
d . ; 1 i : 
-5 (v. m eil = 5 (e+ pvi) v? - h” Thi, (10.36) 
1 
Tij = — (puivj + viJj + vj Ji -Uij). (10.37) 


c 
To see the results clearly, we collect formulae (10.15), (10.25), 


and (10.37) 2 
w 
Too = H = zZ) p 
c 
1 
Ti --- (1 =) (J; + pvi) ; (10.38) 


1 
Tij = dà ( pvivj + Vi Jj + v; Ji + Ui) 


formulae (10.19), (10.16), (10.34), and (10.28) 
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and finally, formulae (10.31), (10.22), and (10.14) 


eov NETTE: 
00 = ( ) EE + EDI 


c?—w 
2 
qo i = (75 n = vm! l (10.40) 
C C^ —W C 
NE. 
T” = zU” 


Let us deduce a formula for the chr.inv.-invariant 


po = T =i mw Ho e (10.41) 
Because 

Ty =T +T}, (10.42) 

and denoting l 

EE 
USUS (10.43) 

we have i 
T=p- 3U (10.44) 


or, in the alternative form 


1 
po =P- a U. (10.45) 


$3.11 The time equation of the law of energy 


We assume the law of energy to be the divergence of the mixed 
energy-momentum tensor equated to zero 


OT; 8lnJ-g 
PD TV 7 mg — p. 11.1 
Ox” py ta T Axe D (11.1) 


This gives four equations. We consider first the time equation 


esp 
(u = 0) am 


Ort 


dln /=g 
GE =0. (11.2) 
xr 


o 


Because of (10.39), we have 


ƏTE ƏT ƏT ` 
Oz" ` Gef Oxi — 
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108p 1 äu: 1 OFF 1 — ëm 
= Jit Ji — 
c? at a c3 "5 Ot Cc? Ox) 


«iQ S eec Eae 357). 


+ 


(11.3) 


c c2/ ðzİ c c?/N at Ox) 
Besides these, using (3.17-3.20), we obtain 


TQ T = Poo To — Io Tk — lo To — OTe = 


Ov +o 


1 c) Ow Ki l 1 ; 
d LG ot dÉ Ziaplten Zap) - 


1 w\2 41 c 1 ; | 
( 2) p ig^ | (64 Suë) Suë? ES 


1 c? Ow eT 78 YE! WN 4 
, Di-cA iF’) (1 v | 
| e wäer "al GE c c (11.4) 


1 
c2 


alr 


w k -k ne i pt) 
(1-5) (p+ 4B + Tar (vk J + Uz) = 


c? ( ES 1 zi Ow (1 w 
c |c -w P ge? Ot 


ə , 
© (1 7) paut]. 


c2 


We finally get 


Oln./—g "am Oln/—g T? 4 Oln/—g Ti = 
0 0 j Dies 


Org H ar | 


= (11.5) 


d I6 e Cem) St 


i E ot 


+2(1-3) («p 4 WE 


C Oz) 
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hence 
OT, Oln/—g 
-T5 TY Ee 
Oz" Dr Ze Eu: Greg 0 
" (11.6) 
1 w V *8p - ; 2 mE ik 
= SÉ Si Ot E Ng SSC IT EE? ) 
and (11.2) can be written in the form 
*Op * j 2 j 1 ik 


$3.12 The spatial equations oi the law oi energy 


We consider next the spatial equations of the law of energy (11.1), 
i.e. the equations with u = 1,2,3 


OTY Oln/—g T? — 


-Te T” 12.1 
Oz" Hief? + Axe i ( ) 
Following 83.11, we obtain 
ƏT” ye ôT de æ E ée 
i — i i — Ji ) ( 7) i 
Or" | Oci OI c iil PU KEN 
1 2 —. 1 ENSE ( S 1 p) Ou; 
+ v;U; | vj | 
c2 ?*:8t cc-wiót CTS" ot 
dp 1 äu 1 On 1,.8v 1 AU? 
TU BESSE j EE PE 
S E te a a" s ) et Ot oi at 
Län 1 on 1 0U? 1 cd 
JI — i =— i. 12:2 
GU ri 2 Ori dm c? (c? — w)? à a? 


Ow 1 c 


EE 1o j 
dE R (o+ P) pnt) - Paw” 


L ðv 1 jðv] 1*əJ; 1*0U] 
» (e Uj P) Ui | c? ôt c? On 


1 *Bp - *9g9 1 ue "ën, 1 — "ën, 
: : qi jo 
S ( a BH "aer 8 ) GG Og)” 
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Hence, we get 


-rT = -r$T$ -rH TR -rh -rh T] = 
" ls c Ow 


+u,(Di +A} + Au) 


c? w Ox? 


x 


We gr A w k 
G au) ' ;( aJ HAS + 5 uP) x 
1 dc 
x 
c 
1 
c 


NN j 
m E t (e: z2 wël: 3 UR] + 


a l a 


1 1 wW ; 
l d l *Ak 
(DLE AD y+ uyr] zt Ein + {ras - 


x 3 [t + Af) uj + (DE + AT) v; + ww x 


1 j j 1 d 1 ; Ow 
x (ved +Uj) -28-. tat) 


1 Ou Y. 4 k 
+ T Asi + z2 ij UZ 4 vi Djk U? 
Finally, 
Oln/-g,_,  Oln Oln./—9 mj 
Aq = PUN E qp, Sr} = 
Ox? ~ Oz) 
1 1 c Ow w 1 d 
- 1 )D 
d TENA c? FEL 
1 " 
dP ee = 
Ow Alnvh\ 1 ; ; 
gj ji 
(-3 c? SE T'as 1 (uJ dek d (124) 
1 [s 1 , 1 j| Ow 
= hgy (aur) iuum - 
1 DJ, 1 yi *dinvh 1 c yi ow 
c2 c2 * ag) c*ch)—w 'Og) 


1 *OlmwVh 1 c | Ow 
— — v pD+ J zs 
a (¢ i3 Oz) cóc? —w sl 


3.12 The spatial equations of the law of energy 151 


Hence, we have 


OT, eT "Ti? quiet ( 


Ər” iv to H c2 


Loy TOR ` "ën OwYN _, 
E DJ; vua (E EI 


Ot Ort = Ox) 
1 "Oo " "OE base k 
E d 8t + pD4 V; J? aiid’ "à Dik U? | = (12.5) 
1 *OS; H ; : ; ; 
= 2 d at t DJ; t V; U? 2457 Sei cl, 
"Oo x NES zd 
t dE + oD4 wi Ana Aere) 
and (12.1) can be written in the form 
*OS; 4 ; e 1 ; 
( a + DA + “Vs U? — 2A;,; J? — pF; — SEN + 
(12.6) 
SCH ven nn, l jk) _ 
+ i a PP t V; J -afs + za Pik U =0. 


With the remaining formula (11.7) unused, we apply the method 
to vary the potentials. 


Equation (12.6) retains its form in transformations of the time 
coordinate, although its left side is a co-vector, not a chr.inv.-vector. 
For this reason we can set all values of v; to zero. Then we have 

*OJ; 
Ot 


+ DJ, + *V; U? —2A4J? — pF; — a FU =0, (12.7) 


and this sub-vector equation is valid for any choice of the time 
coordinate, because its left side is a chr.inv.-vector. Thus, for any 
choice of the time coordinate, we have 


"0 w ow» ; 1 ; 
«( P Z pD H "Ma SF eS DU) =0 (12.8) 
C C 


and hence, we obtain the equation 
"o 
ot 


which coincides with formula (11.7). 


: 2 ; 1 d 
+ pD+*Vj J? —  FjJ! + Das UP = 0; (12.9) 
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So, just as for the geodesic equations, the method of varying the 
potentials has found four equations from only a subset of them (see 
the explanation of this fact in 83.7). 


Because 
i *8J; sik *Onr* Wald . *gJ* i 
ht —— = Ji = 2D]; =—— 2D*J*. (12.1 
at at a 8 Sempre X029) 
we can write 
ile DJ* 4 2(D* +A") si — gF* — 1. p, yF *V,U?*—-0 (12.11 
e DT UN +A) el LFEUUM'VQUT-0 (12.11) 


instead of equation (12.7). 


$3.13 A space element. Its energy and the momentum 


Let us take a fixed elementary parallelepiped 


aT! aT? Ôa T? ôa Tt = consti, 
T1123 = | pr! dpa? ën? Zi = consti, (13.1) 
6-21 ex? 6.2? Änt = const? 


in the space we are considering. We can write its volume V, in 
accordance with formula (12.7) of §2.12, as follows 


V = vh |B]. (13.2) 


The energy E and the momentum p* inside the volume, evi- 
dently take the form 
E —Vpc, (13.3) 
pt =VJ". (13.4) 
Because this elementary volume is fixed in the space, we can 
write 


E ap (isi 
dt Ja EC ' 
2 *Op* 

= (13.6) 
E a ôt 


On the other hand, because of formula (12.9) of §2.12, we have 


‘OE  (*8p 2 
at = E ten) C V, (13.7) 
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*Op* *8J* " 
= + DI" | V. 13.8 
at ( at Se 
Hence, 
"dE "Op 2 
= D V 13.9 
( dt ): ( at S p ) S ! ( ) 
*dp* *8J* e 
= | —4+DJ"|V. 13.10 


The volume V is a chr.inv.-invariant, which retains its value in 
the parallel transfer of the chr.inv.-vectors ó42*, dot", A3". Natur- 
ally, because the chr.inv.-tensor of the 3rd rank Hs has the same 
properties as Eijk, we have 


1 ü 
V = s | eae Hr (13.11) 

Because of formula (17.4) of 82.17, we have 
EECH (13.12) 


The rule for differentiating determinants holds for chr.inv.- 
differentiation as well as in covariant differentiation. Hence, the 
equalities 


*Vp (ðar) =0, "Vy, hett > Whose) =0 (13.13) 
lead to the equality 
* ijk 
Voll = 0, (13.14) 
so we have 
"Voy =0. (13.15) 


Because of (13.3), (13.4), (13.9), (13.10), and (13.15), and de- 
noting 
m = Vp (13.16) 


for the moving mass throughout this volume, we can, instead of 
(12.11) and (12.9) write respectively, 


* Ink 
E: ) mF* 4 2(DF + AF) pé = 
fix 


E |r; (VU, (vu**)e | ? 


cà 


(13.17) 
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"dE z 
( ) + Dij (VU") — Fj p? = Fjp! — * V; pic’, (13.18) 


where p?c? is the energy flux. 

The equations we have obtained here are related to a fixed 
volume element, which is the frame of a flowing continuous matter. 
This is a very important difference to the equations (7.13) and (7.9) 
we obtained for a free mass-particle, which moves with respect to 
the given space. 


$3.14 Einstein's covariant tensor. Its time component 


We now consider the Einstein covariant tensor 


ar? ?Inj/-g Oln/—g 
= Av a 
Ge (14.1) 


We first consider its time component, i.e. the component with 
the indices u,v =0 


arg 8? ln /=g 0ln/—g 
P: ; 14.2 
O29 xð? 0 Jra ( ) 


Because of (3.17) and (3.18), we obtain 


Goo = — 


+ Pe. Dis + 


Ores, - 2 pk. Xp ou ow a c Ow 
Ot c?—w Ot? 


Or? Oz?  Oz*  c4} (c2—w)? 
1 Ow Ku Ov; wW OF! 
Pict +(1-5)F (1-5) ! 
QU c? ot y 2) aE 
1 wW 2 Ow w^ OF* 
C ) Pë | (1 ) - 14.3 
c? ( c | c? Och Gey Og peu) 


(1 e Ow s ew 1 v FLOW 
~ | (c2 — w) V et c? i 


1 wW Ow 1 w\2/ 1 *gpk 
1 ) ps (1 ) REF 
c* ( c? Oz" æ c cz P e z 


Because of (3.17-3.20), we obtain 


M Be = Daf + Mol oe + TET be = 


1 ch aer Ow Kë 2 
= + 2u,F" 1 FY | — 
c6 rp ( ot ) WE 2 ( a) (uF’) | 
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2 wW y OW w l " k 
ch (2 Zi à Oz +(1 a) (Di + Ab) RE 
1 wW n2 1 w\2 
ta(t-g)@Py| + a(t 3) * 
i kat 2 e 2 
x on + AFAk + a (Di LA) UF! + 4 (v, F") | 2 (14.4) 


EP c? Ow (2. pv] 
"c|(c-wpNi8t/ e P" o 


2 WN OW 1 EE E PN 
SE Z) ax t a(t 5) QD iL Ak Ag). 


Hence, because of (1.7), we obtain 
Zä 18[ 1 c Ow, (1 St 
Aë | c?8t| C2 C2 — w Ot ` c? 


"ME c (Ow P c? Ow Ow a 1 ( SE 
| ci(c-w)yi8t] -w ð Ot | c ' 


and because of (3.17), (3.18), and (1.7), we obtain 
a Oln/-9  ,g Olny—g QO0lny-g _ 
Too Ore m Too EP DW Óz* KS 
1| c Ow w 1 c Ow w 
= bh ) pi H )D 
c LZ ot ( gu | c? c?—w Ot 3 c? u 
1 (1 Ze) 1 c Ow e) 8 


c? c? wëch Ozk 


1 c? ow Y 1 i Ow 
B le EA T E id D) x 
2 * 
1 (1 zr Ow 1 (1 un ph OlnV/h. 


I 
ch c? Ox" c c? Oxk 


(14.6) 


T 


We finally obtain 
1 w V2 
Goo= (1-5) * 


*OD Gent Bat E "EST 


(14.7) 
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$3.15 Einstein's covariant tensor. The mixed components 


We now consider mixed (space-time) components of the Einstein 
tensor (14.1), i.e. its components with the indices 5 —0, v —1,2,3 


are 8?In/—g pa PNV (15.1) 


Ox FAE 9^ ara 
Because of (3.19) and (3.20), we obtain 


DD s abe cab. i c Ow Ow 
Ox? . On rk | (c2? — w)? Ot Oz? 


Goi Sc + re. D + 


c Ow 1 
Ui F! 


| c) — w tai 


ð 1 Bd 
Di +A} i d ( PAPA 
ux FA EP see Doo: 


w w\ ô k k 1 k 
vllt äi nb ) - 
1 d c? Ow Ow | ER «iQ SE " 
c c?—w Vc?—w Ot ëmt | OtOz* c3 cz) E 
1 1 We 
x (D? LATA dall (1 =) (pt ny + 
c c c2/ ëch 
1 c c (Ow Ow " ER 
c2—w Ot Ox*  OtOz* 


(15.2) 


1 w\| *8 1 l 
(1 ) 55. (DE AT) A (DE AP) Fo 


1 pôu å 1 e y, OV: 
c? Ok c*cg-—w Ot 


1 es ZOE 1 " 
zuli =) Cs SAP). 


Because of (3.17-3.22), we obtain 


IO De = D'oro + Thole + DSDS + PE = 


1[ c Ow (1 d ph c Ow 4 
vie vU — - 
c |c- w ôt ài c2 — w Oz? 


1 1 
+ (Di ai + auP)u| + t-s, 0a 
(6; C C 
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+ 3 Ul [e + AL) vi + (DE + AD) vk + aur a 


: 1 
H (D; + Aj 4 d de a x 


1 c Ow 
c? — w Oxk 


1 1 
x (pt E P = uF) (1 T) + (1 T) x 
c c c c 


` - 1 ; 1 
x (Di Ata vri) ai = | (DS + Aj’) ve 


1 1 1 
k Kk k - 


c Ow 1 Ow 
z : D+ Alt Se x 
d SE EE S EM 
n OW 1 wW arri a 
T 5 Un F Ort cB (1 =) Un F (Di + Aj) Ul — 
1 k 1 k 
- (Ewer il- par- 
1 Ov, Ov; k 1 k 
- + FY 4 Fu; + Fivg) F 
2 & a) 2c? (Fev ic cina 


1 1 w 
l k k l d 
TA uF" — oo geb (Di + A;.) 2 +3 v(1 - =) x 


x (Di AD wr e S (uar E (DE a9) ou a 
E (1 3) (DE + AF) (Di + Ad.) uw + E - 5) x 
x (DE + AF) vpu FI + E v(1 Zi EE + 
+ (Dk + ALD) ark + 3 (uF) x d 


Sse 1 í 
x (Di Ai) AP (1- S)ebwr- (1-3) x 


c3 


x (DE + AP) (D2 + A2)v;— x - ^) x 


3 


A w j 
x (Df + AF) vv; F’ — nl) 5 Zon + AZAR 
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+ S (DE + AF) up FI + P PE CINES MEE IN 


2 Ow 
"1 m Sid t w(Di c Ai Tes aur) ON 
c? — w Ox? 
1 


w - ` Y 1 (Ov Ovi 
~2(1- Alpin + 42) ls ler, 


1 " 1 e wows 1 œ 
+ 5a (v F") F; F 


Ow 1 W 
k e 
UD tr Al ata Suë) - Sat 2)» 
Oxk 
Because of (1.7), we obtain 
2 = 2 
0? In,/ g 1 e 1 c ^ "D = 
Ort? c ôr! c? c? — w ôt c? 
1 c? Ow Ow 1 c ^w (15.4) 
c (c? — w)?0z* Ot — c? c? — w Ox Ot 
1 _ ôw w\ ôD 
D= (1 ) 3 
ch Oz! S c? / ðr! 
Because of (3.19), (3.20), and (1.7), we obtain 
a 0ln/— V y, Oln/— 
Ip Di Gro Së IW To: ES k 


1 c Ow j ds 1 i 
a c? — w Oz? E Aj bi " 


d Asa" Ze =(1 3)* 


c2 


1 1 d OlnVh 
x (Dt AN «Py LEE LR SCH. 


1 ko 8 y OW kpi ko 
"(zs nr t22 w = rA D; + Aj Ag. . 


T 
c2 c? c? —w Oz* Oxk 


c3 c2— 


+ De “(1 Zil an St a 


Oz! c Oxk 


1 1 c Ow TENE zl Ow 
Jd c2 mal Ain S wP)T + 


—w ôT? 
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1 c Ow 
KA A k k 
tau D(D; + AT) aa 5 (Dh + at) ax - 
1 W , 0ln/h vn k 
c3 «(1 SF Or ^c DES 


T 


cc—w| c2—w änt 


E ri) 1 | c? Ow 


S e (15.5) 
1 w 1 w 1 wW 
Di + Al al e (1 ) 
+u( it oe op ôr? c c2 x 
*OlnVh 1 c Ow 
DE + AN DERAS —— |= 
dl * S Oxk docs it SES 


* 2 
1 at WM pk Olwvh 1 c pF Ow 
z2 


c3 Oxk c?c?—w  Ozk 
This gives 
1 Hui: k vu OD ‘k 
Gu, =-2(1-3)| Vk (Dj + Aj) ES z 4i. Fk 


1/0v Ou;\_, 1 k 1 w 
F Fiv, F*| — = i(1- 5) x 15.6 
2c? E Si Ee c c? uo) 
1 : . 
* k k k KO 
«(wr — 52 TF + DED} + AAR). 
and so, in the final form, we have 


C 


1 : : if 2 3 
Goi = 2 (1 - S) wein - Dj) -'Vj Af + SAF? - 
(15.7) 


$3.16 Einstein’s covariant tensor. The spatial components 


We finally consider spatial components of the Einstein tensor (14.1), 
i.e. its components with u,v =1,2,3 


Ore. 67 In,/—g Oln./—g 
"mer 2] re a g o g 
Gij = gra Tt Tl Sa r$ Sig s (16.1) 
Because it will entail more difficult algebra than that used for Goo 
and Go;, we will summarize all the necessary terms step-by-step. 
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First, we have 


are. OCH ork 
= E) a (16.2) 
Gro Ort Oxk 
Because of (3.21) and also (22.3) of 82.22, we obtain 
OI. 1 c? 
ijs e dr, Dj; 
Ox c (c? — x 7 ua 
1 1]| Ow 
+ d UL (o t 45.) vi t (Di t A; Ju 2 vv; F x + 
1 d OU, Dij 1 cu 
c?c?— w X dt et dem 
Ov; ðv; 1 cu 
D + A) QD A x 
TEE "" 
Ov O 1 ðv 
D road l Li ai l 
x (2: 1 A;) E? WS (Dj T A;) "a LE 21 + 
l Cu I n OU, ZO. 
+ — A: )— —(D:+A 
Aang (PE AG tag Bl A 
1 Ov 1 c^ujv; Ov, or! 
FE! H ' 173 Lé = 
z " | SESCH EM KH 


= Lon Jo + (fl + Qn) + (Or) ag + (61), 
where the quantities Lo: le, (G1)aj, (mij, (61) aj, (Lenk, are given by 


E c? 
~ C2 (c2 —w)? 


1 l l 
Ia, Di f 2 Ui Ju + A;) Ui + 


. 1 Ow 
=: 1 *ODij *O} 1 Ou; Ou; 
IER 8t IECH 
1 c ôv *8*A. 
— — (Fyui + Fivy) | -" AL; UT 16.5 
2c? ae Sall 9 c2 w Ot «| ot SES 


1 cd Ou, 1 c Ov; 
EA pega Di + AD £5 
tav y j) ard med * 2 atli’ 
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Ou, ð l Ou; 
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1 Êv peri TER A 
KO Zait a Fu (Dj +43) FauF si, (166) 


ct có—w 


1 ev f a AOU Og gay, l, mô 
(01) = e ai Ot ep Ur a P: T Ai) T c UF Ot " (16.7) 
l cw 90 OF! 
(e) = c$ c? ZI a "Wel: 


Because of (3.22), we obtain 


Ak — Oxk c? "n S 


k KO*KAK *D*AL 
ar 7 ð Añ x 1 ð Ai; 1 ( 
Ot c? 


+ (DEAF) Si E d : (D*-- AT) rc] + 


Oxk c) | @gk 7 J c? Och 
1 Duc su sr carae 1 OFF 
ED VASE ED away 
= (£2)i + (Y2)iz + (62)i3 + (E2)i5, 
where we denote 
*O*AF. 1 "ënn, 
= ij ij o, 
(Ba) = Os GU o ^ 
Ou; Ov; 
k k i k k j 
ER Zug + Ay) ook + (D; + Aj E ’ 
1 Ov; 
k k k OV; 
(zl B E (Dj T A; ) D t| ) 
ð k k 1 k Ovi 
(02) z Vj È k (D; A; ) c ðrk |? 
OF* 
(€2)i3 = 4 UU E 


The second term of (16.1) is 


k k D pk 
E $8 ei To + Diol Si + T5, Doo kola, 


Because of (3.19), we obtain 


1 c Ow Ow joe Ê ôw 
t 


Dor, — 
10° 99 A| (c2 —w)2 Oz 8a? zl 


(16.10) 


(16.11) 


(16.12) 


(16.13) 


(16.14) 
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1 1 Ê Ow a E ôw 
E Zerf c? — w Oz) (D A;) c? — w Oz? 
1 c Ow 
——wu Fl - + Uk EES + AC) v [p + AT) + 
2 7 c? — w Ox? j j 
i : (16.15) 
tg uuFu(Df + AP) + gen lant D AP) + 
+ 3 viv (uFY | = (Bo) + (s) + de (ech 
c déi! = 3/17 3 ij 3/7 3/13 » 
where we denote 
1 c Ow Ow hace Kae OR 
Wm re sog UNS) SE bak 
2.2 (16.16) 
l e w k D l E) 
— u (D; Aj.) mos v (D? -Az)wv(D; «ap 
1 i c Ow " P 
KO a vv F |- un UR (Dj + Af) ^, (16.17) 
1 1 c ôw "m 
(05) = e WF E vasa rA (16.18) 
1 2 
(€3)ig = cg vit (uF). (16.19) 


Because of (3.20), (3.21), and also (22.3) of §2.22, we obtain 
1 . 
Iech + TOT o =a (Dt + A7 5x — Djk) + 


+ E vi (Vj, — Djp) FE + E vju(DE + A;*)(Di, + Ag.) + 
+ E gem Pla (DP +A;*) + E gur (D? - Aj) (Di - A7.) + 
+ E v, vj (Dj, + AL) F* + E V, Vj (v. PI + 

+ E viu F'v (Df + AT) + (DF + Af) (Vis — Dix) 

+ E v; (Va — Dix) FE + E viw (D$ + AP)(Di + Ag.) + 


a E viv F'v (D$ 1 A1 + 3 vw (D$ AWD - AL) + 
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1 1 
You wu (Di + Aj.) F* + ce uu (uF) + 
: (16.20) 
VEER «AP = (Ba )is - (va) + (04) +(€4) ag 
where we denote 
1 
(B4)ij = 3 (20D + AC Do + Af Dik — 
1/ Ov, | Ow; 1 
k D j 
(Di + Aj | 5 E st) aa (Fi + Sall — 
1 / ðv ðv; 1 
k -k k H 16.21 
(D; AP) 2 E s ss 2c? (Fite + Fes) " 
"Al w(D$ + AP) + "Af w(Dj + AF) — 
2 
- (Dt + AŻ) (D5 + a ; 
1 
(a)i = z! {Din me 
l/O0v&, Ow; 1 * 
BE I xu D (paul AL, ur F^ — (16.22) 
2 
Matk Piaf, + Aj.) — w(D$ + AU, + AD] ; 
1 
(04) = Ys {Da EE 
1 OU, Ou; 1 * 
| 2 E T s] 2c? (Five + KEN F*-*ALuwF^- (16.23) 
2 
— 5 ge F" u (Di + AD) wtf  AT)(Di + 3 
esc apa | duit Doc AL) pi — Z (uF? 16.24 
(&4)ij = E Ui Uj ot xc x.) d (vi ) . (16.24) 


Because of (3.22), we obtain 
DAI = "Ni 


1 1 
o “Aik (nt + Alger (DP + AS) uy + m var! = 
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= E (o; + AlD)vi + (Dl + Ad) v + wu E 


1 qas : . 
Ta Iz Di +Ay. Aj) viv; + viu (D$ -AT)(Di--AL) + 
1 . : ; 
+ à Ui Vj UI (Di + Ay.) F" + Vj UK (D; + AC HD + AC + (16 25) 
i Í 
T ULUk (Di + AT DG + Ay) + 2 v; vx Pan (Di + Aj) + 
c 
1 ; 1 . 
+ à v, v; v (DF + Aj’) F! + dà vi v, Fu (D$ + AF) + 
1 2 
+ Gury (wi F!) = (Bs)ij + (vs)ij + (ôs )ij + (E5) a3 a 
where we denote 
1 
(85) = "Au AR — d "Ai (D$ + AP) — 
1 *AK D! A1 1 D! A1 D* AF SH 
~ ap Av(Dit AD) + |G mee Aur 47), 
1 aN k l -l 1 ank l 
(Ys log = cb Ui|— A5 (Di + Ai.) = z A5 Ui F + 
16.27 
l n(DE + AED + A? l o talk + AT i 
ux Ob fait kT e)tan v ( j + P) ` 
1 *AL k -k 1 *AL k 
(ôs )ij = um ud = Aix (Dj + Aj") E 2 Aig Ui F + 
16.28 
1 l 4 k -k 1 k l 4 ) 
+ E vi (Di + AZ)(Df + AF) + d vy F^w(D; + AH, 
1 
Les Jo = a UiUj x 
2 1 S (16.29) 
x E DF + A} AF + zu (Dj, + Ay.) F" + a uF’) | 
Because of (1.7), we obtain 
SA O0 ( 1 c ðw  8lmvhY ` 
Oz!OÓx) ` On c)c-wOz ^ Oz B 
(16.30) 


1 c OwOw 1 c Ow nh 
c2 (c?—w)? ëm än  c?c?—wOa'0:3) Grën ` 


3.16 Einstein's covariant tensor. The spatial components 


On the other hand, the last term is 
*Plnvh — *8(*OlnV/RhN "8 SEH I5 
Ozri0r) ` Oil on? Gil Oz) c? 
0^ ln /h 1 ð 
zr. v; Ji ab + 
02:02) c?—w "äi c? 
1 E vj D+ 1 "op @lnvh 


Ami  c?— w Ot c? Oz) Ox Oud 


1 c? Ow 1 OD 1 dv; 


c 


ch vj cw ôr c "5 Oz! c Oxi | 
1 c? Ov 1 *OD &lnvh 
+ Uj D HP - = - - 
ch "ew ôt c2 Og) ðxtðrI 
1 ðv; 1 p 1/ *8D *oD 1 *oD 
T -— — HU Ui FU; UU; 
c? NO) c I) 2X" an J Əri ch *? 8t 


For this reason, we have 
ln/-g 1 c Owdw 1 c Ge 
Aën! | C2. (c2-w)? Oz Oz3  c?c?—w Ozi0z) 
*O"n/h 1 /ðv 1 Lf *OD'. *0D 
: - D 7 Piu; i -+ V; - 
Ozr'0r) c? (s c? v) c? ( dai | x) T 


1 *OD 
tet cas E (Ge )iz + (Ye)ij + (0e)àj + (€6) a3 5 


| 
1 


where we denote 


Biya 1 c  ÓOw Ow 
"H" BgiBzi (c? — w)? Oz? 823 


c2 


c  60?w ðv; 1 
— + D| — Po 
twr 7 E c? 2 i 


1 "OD 
(66)ij = c ex 
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(16.31) 


(16.32) 


(16.33) 


(16.34) 
(16.35) 


(16.36) 
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Finally, we have the term 
Oln./—g o Oln./—g g Oln./—g 
r5 Bea r7 E r$ SECH (16.37) 


Because of (3.21), (1.7), and also (22.3) of 83.22, we obtain 


Oln.-g 1 c 1 
re = - Wi; Dat lU Allee 


U of — ee- 
1 1 cd Ow w 
l ATI PE = 16.38 
Hera mer SC Set 5)p|- (16.38) 


= (em)i + (Br)ij + (Y7)ij + (97) + (Er) ig » 


where we denote 


mE! c? 
(or) — —3 (Ge Vg — Dij + 


: P (16.39) 
l; d | b, 1 | l W 
+ 2 vi|(D f Aj) uj T (D | AC lu H zr. 
(8r) = = Dx 
(16.40) 
1/0v; Ow 1 LA 
n | 2 E T Si Dij 2c (Fiv; + Fjvi) — Alju , 
1 l 1 
Qm) = 4 vw Du (D; + A;), (16.41) 
1 H 
GARE E vj Du (Di + Aj), (16.42) 
1 l 
(e7)ij = go Viv DLE (16.43) 


Because of (3.22) and (1.7), we obtain 


ðln,/—g 1 . 
k - *Ak k | k , 
Iu T Us [z AF) vi 


1 1 c Ow dlnVvh 
"P i _ (1644 
+ (Di "Alerte neue b Wk c) c-w ESCH Oz* ) 


= (Bs)ij + Lisa + (s)ij + (68) » 


3.16 Einstein's covariant tensor. The spatial components 


where we denote 


loa Ê ôw „p*ôlnvh 1ang 
(Bs)i = c2 DG c? — w Oxk U ark ^g? See 
DRM UM M dE 
Gs Send E: jua EA s 


2 
e | s (D AP); a E 


c? c?—w Oz* t vi Oak 
1 1 c Ow OlnJVh 
(68)ij = z Ai 255 i: ez F* S ; 
c?c?—w ôr Ox 


Introducing the notation 


(o); = oz lun + (ev), (Bi =X (Bis, 


(0i =) Qs ZO -» Gs , 


= n=1 n=1 


we can write 
Gij = (a)ij + (B)ag + (Wag + (6)i + (E) - 
Comparing (ox Lk and (æœ7)ij, we see that 


(ol =0. 
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(16.45) 


(16.46) 


(16.47) 


(16.48) 


(16.49) 


(16.50) 


(16.51) 


We now deduce (8)i;, (y)i, (ëlo, and (e)ij. Because of (16.5), 
(16.10), (16.16), (16.21), (16.26), (16.33), (16.40), and (16.45), we 


obtain the first of the quantities, namely 


8 
1 *OD;; 1*8|1/0v; ðv 
KE TAES TE 2 ; ; 
c? Ot c? 0t| 2\ Ox OTI 


n=1 


1 
E Ul (Dj + Ai) LE 


1 *Ak 
EEN taz AY. Fk — z 


l 1 
mt + Ap) Fj + Hij + (Dj + A7) 
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lpi, ay OU; 2 .k lox 
+3 (5; + Ay) ae "aD Dye + GAP Djk + 


1 1 L€ Ou Ov; 
pA Dec (DE + AF i d 
gu al pe S 2\ dx) Ws Ərk 


2\ dz? Oxk 
c? ER 1 
c2 c2 — w ôrtôrİ c? 


Ov 1 1 1 l/0v; Ow 
P ICE DD; D e 
* E c? 2 c? at ce | 2 E j Si 


1 1 25, dk 
Se (Fiv; + 2) = Hij + za AigD — aa Ai: Ajk — 


1 *0D;; 2D*D, DD. 1 c? O^w 
(dV a tk B g c? | c?—w Oz*023 
*g|1 Ou; ðv; 1 1 k 
- - Fiv; + Fui) — —"Aj Fh. 

x: SE zl E ) gH e} 
On the other hand, 
m OF; 4 Ui OF; 
^ ðr? c?—w ôt 
1 d Ow c Ow *0 (0v; 

F;— + Tun J 
ccm Oz  c)^—wOziüzj At \ ari 
“Fj doe Ow "ën, 


1 
ot c c-w 7 zt T c2 ? ôt 


c Ww *O (ðv; 1 
c?—wOziOz) at E EC n) ij Phi 


1 1 k k 1 Our Ovi 


Dx 


1 
— 2c? (Fi vk + Sail 
(16.52) 


1 
c 


1 
"Vi Fj- EF, "Abbe FF; = 


(16.53) 


so we have 
c ER 


c? — w 0x02) 


1 
(*Vi F; +*V; Fi) a5 = 
0/1/00; Ou; 
at | 2\ dct ` Oz) 
Besides these (see 21.21 of §2.21), we have 


(16.54) 


1 * 
) 2d (Fiv; Ew) AL PL. 


1 
Hi = Sij + a (Aj D + Aj D? + Ai DT). (16.55) 
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Therefore, we get 


1 
(B) = Sij — > 


2 — 2D} D;k + DDij - DE Ajk — 


*ODij 
ot 


i 1 (16.56) 
— D} Aik + 2A; Aj + QC FE E'VjE)- S EF. 


Because of (16.6), (16.11), (16.17), (16.22), (16.27), (16.34), 
(16.41), and (16.46), we obtain 


i 1 1 
2 qs 7-3 w[-2R (Dj + Aj!) + 
n=1 


Ov; 
m ; 


Oxk 


1 1 Ou; Ov; 1 
c? | 2 E t sx) ES (Fj Ue t Fs) Ek — (16.57) 


+ 


1 1 1 
k ‘k l k k 
Dj "Al bn tar +z Djk 


lg 
AU + At.) — ay + (BF + AF) 


*OlnJVh u 
Oxk E 


l fx k Ab. 90D 2 k 
— Zel V. (D$ + Af)— Sai = oa AP 


or, finally, 
1 * k k * +k 2 k 
(Vig = — lU D Dj) —*Ve A + Ge dal, (16.58) 


In the same way, using formulae (16.7), (16.12), (16.18), (16.23), 
(16.28), (16.35), (16.42), and (16.47), we arrive to 


NN e 
(8) = SC Vi (he D — Df) - "V. A? + Zhur! . (16.59) 


Formulae (16.8), (16.13), (16.19), (16.24), (16.29), (16.36), (16.43), 
and (16.48) give 


1 METY 
S (ends = A vol z2 Fg F T 


*OFF ` ,"OlnV/Rh 
Ozk Oak 


*OD 
t DL DE 4 aal 
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so we obtain 


1 *OD ee 1 
(eno =a (ap DEDE AL A+ WI 


F,F*). (16.61 
- el (1661) 


As the final result, we have 


1 [*OD,; d 
Gij = Sij — | 5: 7 _ 2DE Dat Do + DE An; + 
+ DA - 2A] Ags + | (*Vi Fj -*V; Fi) — E 
j *ki 4. 4i1k3 2 itj jfi c ifj 
1 * k k * ‘k 2 k 
SENG (AD — D?) "we AR + AF Ke (16.62) 


1 2 
SECH lv. (RED — Df) — "Me AF + d + 
*OD HU ae 1 
+= uE + DL D? +A, AF xg, FF— an) 


because 
Apj = Sëch? y Axi = — Aik . (16.63) 


$3.17 The Einstein tensor and chr.inv.-quantities 


According to $2.3, the quantities 


Gg G egg eq. (17.1) 
L= m (17.2) 

M* = —c p! e (17.3) 

NIE = gg (17.4) 


are chr.inv.-invariants, a chr.inv.-vector, and a chr.inv.-tensor of 
the 2nd rank, respectively. Using formulae (14.7), (15.7), and (16.62), 
we are going to deduce detailed formulae for the quantities, and also 
for the Einstein covariant tensor and the invariant G, expressed 
through the quantities. 


3.17 The Einstein tensor and chr.inv.-quantities 


Because of (17.2) and (14.7), we obtain 
L= *oD 

-~ ôt 
Because of (15.7) and (17.5), we obtain 


Goi = SERA 


c2 


- ; TN. $e SE 
x [PVD - Df) ^v AP + As - z|. 


— Ui 
c2 


It is evident that 


. 1 1 
SE = g" Goo + g Goi = 3 v*(1 eil (1 T) x 
c c 


c c2 


. . . 2 , 1 
x l'en — DF) -*v; AV + a ANF; ues vL = 


c2 


and, hence (see formula 17.3) 


: : d 2 . 
MP *V; (hF D — DV) — "we AF + 34 PF ; 


Comparing (17.6) and (17.8), we have 


m 


c? 


Comparing (16.62) to (17.8) and (17.5), we have 


Gij = Sij — — 2D7 Du + DDij + DE Ax; + 


1 *ODij 
ci Ot 


i * * 1 
+ D$ Ani — 2A; Ak; + ( Vi F; + Vj F;) — ns = 


1 
2 


1 1 
E v; Mj E v; Mi t d viv;L. 
Because 
pippka 9 Dra = “oDi D *o (hP h"a) — 
ôt EI is at 
s *oD?* *o8D3ik 


+4D"DF , 


j k k m 
T T2D??D,-t2D'Dj-— 


: : "EET : 
l Ju * 
+ D; Dj + Aj. Al +*V; F?— a FF. 


1 : ; 2 : 
- -=(1 = A) [ep — p) — *v, AM + Zus! 
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(17.5) 


(17.6) 


(17.7) 


(17.8) 


(17.9) 


(17.10) 


(17.11) 
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we obtain 
G?* = g7°g* Gag = gg Gap + g°g"1Gog + ao Gs + 
; LE 1 ; 1 
4 qJP aka ENT k de k LE 
g??g Gp, = avr BEE E L) + 


e var a vL) p Sj 
c c 


1 ES 


c? et ` 


2D" DF DD perpe oa s + 


T den eic ste) Tou uk lag 
E EE + vis) - Pint] - Zon = 
d co Lie od.) tops" 
go d du Qu ale 


+ 2D? DF + DDIF + DAF + DHAJ OANA rs 


1 . 1. 
+= (*VIF* 4 *V" FÍ) — — pipe 
2 c? 
and, hence 
jk ad (ODT jl rk jk jl A-k 
NIR = —c*S! Tech 2D? Dj + DDI + DA; + 
T . 1 : d rf 
+ DA? — 24A; + ae "vil — FIER, 
c 
Comparing (17.10) and (17.13), we have 
1 1 
Gij = -5 (Ny + vi M; + v; Mi — od viv,L) : 
Because of (17.2), (17.6), and (17.4), we obtain 
1 
where the chr.inv.-invariant N is defined as follows 
N = h” Nij = hj N” = Nj : 


Because 


“ODI _*ODE äh "90 


ij = 2D;;DI* 
7 Ət at at at 2 


(17.12) 


(17.13) 


(17.14) 


(17.15) 


(17.16) 


(17.17) 
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we obtain 


*OD* 
Nj =P Sf +- + DD} + DAS DEAS — 


: s (17.18) 
— 2A} AF + = (*Vi FE +*VE R) — Bee, 
ee? + Jes 
Because of (17.15), (17.5), and (17.19), we obtain 
*oD PU om , 
N=-c?S+ 5 + D? 247 Aj + VF! — SRF’, (1719) 
1/.*8D ken SE EG a 1D : 
G=-8+5(2 Bt +D?+ D} D] — Aj Aj 4-2 vs-25P). (17.20) 


We now collect the formulae we have obtained. Using formula 
(20.18) of $82.20, and introducing the concise notation 


* v7 * 1 xi xvj 1 i 
V; = Vi- za Fis NM a V- ag, (17.21) 
we have* 
*oD ; 4 ~ 
L= + Dj Dj + Aj Ad &* V; F? 


ot 


: : : 2 ; 
M* = *V;(h*) D — DV) — "Me AE + aA" F; 


] , X22) 
"of 
HE SE DDE + EE 
Ta ~ 
DAL AP + 6 (*V, F* + *V*E) 
2 "OU 2 do g j 
N=-c*S + aE d DA A + *V F”, (17.23) 
1 "OI 2 lL pi Lyd * v7 j 
G--St-|2-x--D'-DjDI-AjAL42'V,F|, — Q724) 
C 


*Zelmanov regularly called tensor quantities, contracted with the chr.inv.- 
operator *7 (17.21) in one index, their physical chronometrically invariant 
divergence. As a matter of fact, the physical chr.inv.-divergence and regular chr.inv.- 
divergence (the contraction with *V; in one index, see §2.14) are not the same. For 
instance, *V;Q* and *V;Q are the regular chr.inv.-divergences of the chr.inv.- 
vector Q* and the chr.inv.-tensor of the 2nd rank Or. while "VQ and "MO are 
the physical chr.inv.-divergences of the same quantities. — Editor's comment. D. R. 
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C 
1 1 
Goi = H =) (m; 3 viL) ) (17.25) 
C C C 
1 1 
Gi = -5 (Ny + vi M; + v; Mi — d vu 
1 
G= -z (b N) : (17.26) 


$3.18 The law oi gravitation. Its time covariant equation 


Let us take the equations of gravitation in the form 


1 
Guy — —K (T. E Juv T) +A gu (18.1) 
and consider the equations with u,v =0, i.e. the time equation 
1 
Goo = —K (Too = 2 goo T) + A goo š (18.2) 
Because of (10.38) and (10.44), we obtain 
1 1 w\2 1 
Tacs r=>(1-5) ( =U). 18.3 
00— 5 Joo 2 E pc 3 ( ) 


Because of (17.25), the initial equation (18.2) becomes 


L-— (pe? +U) +Ac?. (18.4) 


§3.19 The law of gravitation. The mixed covariant equations 


We next consider the mixed (space-time) equations of gravitation, 
which are the equations (18.1) with u =0 and v=1, 2,3 


1 
Goi = —K (To: 5 Joi T) + A goi. (19.1) 
Because of (10.38) and (10.44), we have 
1 1 w o Ui 2 
Tw - ze T - —-(1- 5) |i z Go +0)], (19.2) 


then, taking (17.25) into account, the equations (19.1) give 
Ui 
2c? 


1 
M;- aul =k E j (pc? 4 a Avi (19.3) 
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or, in the other form 
1 K 2 2 
Mi- eA = 5 ui|L + z (ec +U) - Ae]. (19.4) 


Because formula (19.4) holds for any choice of the time coord- 
inate, we can apply the method to vary the potentials. Setting all 
values of v; to zero, we obtain 


Mi — KJ; (19.5) 

Formula (19.5) retains its form for any choice of the time coord- 

inate, because of its chr.inv.-tensor (namely — chr.inv.-vector) na- 
ture. Therefore (19.4) leads to, besides (19.5), the equality 

L=- (pc? +U) + Ac’, (19.6) 


which coincides with early obtained formula (18.4) and is a chr.inv.- 
tensor as well. 


$3.20 The law oi gravitation. The spatial covariant equations 


We now consider the spatial equations of gravitation, which are 
equations (18.1) with u,v —1,2,3 


1 
Gij = « (T; = 9T) Fr Agi; . (20.1) 


Because of (10.38) and (10.44), we obtain 


1 1 
Tij— 29i T = 5 


1 1 
5 [EE 


i (20.2) 
+ Uj dj + U5 Sg + SEH + d 


Because of (17.25) and (20.2), the initial formula (20.1) can be 
written as follows 


1 1 1 
Ni +0; Mj--vj Mi - 5 vivjL = dr, SA hijp?ṣ4 
(20.3) 


1 1 
+ vi Jj + U; Ji + ad UU (oc? 4- v) + Ac? (hs — E vj) 
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or, in the alternative form 


Not (v ; hyU+ : und Achhi Fui (Mj BO + 
1 r (20.4) 
+ vj (Mi—KJi) Tz ViUj PE (pc? + U) Al =0. 
Because (20.4) is true for any choice of the time coordinate, we 
can use once again the method to vary the potentials. Setting all 
the v, to zero, we obtain 


1 1 
Ni; =K (va = 2 hU + 5 his pc?) + Ac*hi, , (20.5) 


The equality we have obtained, as well as any chr.inv.-tensor 
equality, is valid for any choice of the time coordinate. Hence 


1 
vi (Mj—&J;) + vj(Mi—&Ji) 5 vins|L-+5(pc?+U)—Ac?|=0 (20.6) 


is also true for any choice of the time coordinate. Next, we sup- 


pose that 
vi #0, Uz = v3 — 0, (20.7) 


then (20.6) takes the form (after v4 has been excluded) 


1 
2(Mi KJ1) [L+ (pe t U) Ad —0 
c 2 (20.8) 
M2- kh =0, M3 — kJ3 = 0 
Because (20.8) is true for any vı #0, we obtain the equalities 
M; = KJ; ; (20.9) 
t= SÉ (pc? +U) + Ac. (20.10) 


The equalities retain their form for any choice of the time coord- 
inate because of their chr.inv.-tensor nature. It is evident that the 
equalities coincide with formulae (19.5) and (18.4). 


§3.21 The scalar equation of gravitation 


We finally consider the scalar equation 


G=KT+4A, (21.1) 


3.22 The equations of gravitation: the 1st chr.inv.-form 177 


which is a consequence of the tensor equations of gravitation. So, 
because of (17.26) and (10.44), equation (21.1) takes the form 


L+N=«/(pce* - U) +4Ac? (21.2) 
or, in the alternative form 
L- N — &poc? LA, (21.3) 
$3.22 The first chr.inv.-tensor form of the equations of gravi- 
tation 


We have obtained the system of equations (18.4), (19.5), and (20.5). 
Actually, this system is a chr.inv.-tensor form for the equations of 
gravitation. We will refer to the system as the first chr.inv.-form 
of the equations of gravitation. Let us write the system in the form 


K 
L=- = (p?+U)+Ac? 
2 (oc SR y+ c 
ME = KJE : (22.1) 
: d x que ; 
Hee = «(v = STU Ate + Aca hit 


It is easy to see that the first of the equations (the chr.inv.- 
invariant) is equivalent to the equation 


Goo = —K (Toc — ` 900 T) + ^ goo (22.2) 
the second (chr.inv.-vector) equation is equivalent to 
Gk = -k E 5967) + Age, (22.3) 
which coincides with the equations 
Gd sn RE, (22.4) 


and finally, the third (chr.inv.-tensor) equation is equivalent to the 
equations 1 
GF — x Ee SH g^ T) A g'*. (22.5) 
We re-write the system (22.1) in component form, having low- 
ered the index 2 in the tensor equation, and also using (17.22). 
So, we have 
*OD 
ot 


+ DDI +A} As +F = -7 (p +U) +A, (22.6) 
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; , ei OT e 
*V;(h* D — DF) — *vj; AF + 34" Fj =p (22.7) 


*OD* 
GE + —* + DD! + DLAF + DEAL — 2A} AF + 
ot (22.8) 


Ts ~ 1 1 
+5 C Pe V E) (vg = hU ; hiec?) FARE. 


Because of (9.2) and also (16.3) of §2.16, we obtain 


Ai = Ejil QJ ; Ak = elk Qg ; (22.9) 
Aj AF = A [AS = €jil gtk 272, = —€jil etl Qg a = 
| | (22.10) 
= INN MARIO, 0 = EG +.0,08, 
ALA? = 20,07. (22.11) 


Because of (9.2) and also (16.4), (14.18), (16.15) obtained in 
Chapter 2, we get 


*Vj A SS CERRO portu ge O =*r (Q). (22.12) 
Hence, because of (9.2), we obtain 

AF p, 5g Q, Fj = cgo, p go m, (22.13) 

Di At + DFA} = Dy Al* + Dh = eF DQ; + eju DOI. (22.14) 


Using (22.10-22.14) and also (19.18), (19.19) of §2.19, we can re- 
write equations (22.6), (22.7), and (22.8), respectively, in the forms 


*OD ee ni K 
a *DjDj-20;Q0 +*V FI -— (oU) +A, — (2215) 
2: x 

RP (*w) = *r* (Q) — SS e'*OTIF E kJ", (22.16) 
*ODF l , 

—¢ st + BE + DD} t+ e Dat, + Eju D” 03 — 

; Tox RE 
- 2(Q,0* — hp Qj) + 5 (Vi FY E * VERS) = (22.17) 


1 1 
= « (v? SE KU + 5 npc?) t ACE. 


Equation (21.1) can be (because of 17.24 and 10.44) re-written 
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as follows 


*aD E 
c* S42 A - D? DI D]-A] Aj +2* V; F -&(pc?-U)--AAc?. (22.18) 


Using (22.11) again, we put equation (22.18) into the form 


*aD TERT 
— 2 842 ED*4 Dj Dj +2052! +2 V; F? -&(pc^-U) -4Nc* (22.19) 


$3.23 The second chr.inv.-tensor form of the equations of gravi- 
tation 


We consider next the system of equations 


1 

Goo — z 900 G = —«K Too — A goo , (23.1) 
1 

G6 - 3 90 G = -K TS — Ago, (23.2) 


where the second coincides with (22.4) 


GE ——KT*, (23.3) 
and also the equation 


"TE ES 
Gik _ S oibo-— -&TÀ* — Agf. (23.4) 


Because of (17.2) and (17.26), we have 


(1 E (L- N). (23.5) 


For this reason, and because of (10.38), the equation (23.1) is 
equivalent to 


1 1 
Goo — = 900G = 
0075 Joo 2c 


1 


> (N — L) = kp? + Ac. (23.6) 
As a result of (17.4) and (17.26), we have 
GIF — E aec MËLL, + N) — N?* (23.7) 
2 ena í 


and the third equation (23.4) is, as a result of (10.40), equivalent to 
1. 
MI — 2 MEI, +N) = KUF — Ach, (23.8) 


As a result, it is easy to see that the system of equations (23.1), 
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(23.2), and (23.4) is equivalent to the system of equations (22.2), 
(22.3), and (22.5). 
We can see directly that the system of equations 


1 

5 (N — L) = kpc? + Ac? 

M* = KJ" (23.9) 
: Ter . 

Hief 5 hI (L+ N) = KUF — APh" 


is equivalent to the system (22.1), which is the first chr.inv.-tensor 
form of the equations of gravitation. For this reason, we will refer 
to the system (23.9) as the second chr.inv.-tensor form of the equa- 
tions of gravitation. 

Using (17.22) and (17.23), we re-write equations (23.6) and (23.8) 
of the system (23.9) in component form (having lowered the index 
1 in 23.8). As a result we obtain 


S (-és +D?- Di Dj — SEN = &pc? + Ac’, (23.10) 
1 Klee 
(si - = nts) + ar + DDE + DIA! + DPA; — 
i'd *OD 
— 2A} AF + NY F* + *VE)- hb E E (23.11) 


1 j LE 
+ 3 + D} D} — Aj AZ)  * Vj d = KI — APh}. 


Using (22.11), (22.14), (22.10), and also (21.29), (21.35) of 82.21, 
we put equations (23.10) and (23.11), respectively, into the forms 


1 ; ' 
eZ 5 (D? — D; pi) + 30;97 = kpc? + Ac’, (23.12) 
*oD* À 
ez CC t DDF + EF DQ; T ji DE QI — 
liye ~ "OD 
—20 + 3C Vi FF IV E)- HS + (23.13) 
1 as 
+ 5(D? + DI -YY +°V; SI | CAR 


We also re-write (22.19), using (21.35) of 82.21. So, we obtain 


"an 
dës gl, rb le Hl 24e. (23.14) 
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$3.24 The structure of the equations of gravitation 


Examining the chr.inv.-tensor forms of the equations of gravitation, 
we see that some quantities appear only in combination with other 
quantities. A peculiarity of the combinations is that in eliminating 
one of the quantities from the equations, we eliminate the entire 
combination. The combinations are 


*ODF 1,- m 1 
k i * k * vk k k 
m L(*S Fh LR) - (uk - z stu), 241 
E +°VER) — «(UP — zh (24.1) 
"OI BEE We 
= "UL Eus 24.2 
greci pp. (24.3) 
ge--—c84-D*, (24.4) 
wF = DEAS + DEA = e) 5 Dag; + E514 DOF, (24.5) 


We introduce the notation* 


of = -AL AF = -0,0* + EG, (24.6) 
a= —Aj Aj = 20, (24.7) 
6= D} D} , (24.8) 
À i EE 
gh = *V;(hF D — DF) — *v, A" + TAM Fj — KJ" = 
c? (24.9) 
k [x +k 2 jik k í 
= R" (*w) —*r (Q)+ ze QA- KJ". 
It is also evident that 
pi =o, oi =o, w =0, aj =a. (24.10) 


The equations of gravitation take the following form. The first 
chr.inv.-form is 


athe =5+ 9+ = pé 
o =0 , (24.11) 
2a} tob + or ut = 5 hee T ACE 


*See the definition of chr.inv.rotor *r*(Q) — c1» ** v, Qp —*Vja*? in $2.16. — 
Editor's comment. D. R. 
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the second chr.inv.-form is 


3a +0 = ô --2kpc + 2Ac? 


oF =0 
(225 - irta) + (oF - Info) (eb - n). [7 CDU 
+ wf + Ac?ht = S hk 
the scalar equation is 
a --ó-- 204-29 = kpc? 4-AAC?. (24.13) 


Let us consider the variable chr.inv.-invariants p, a, ô, y, c, 
which are contained in the equations of gravitation. From the phys- 
ical perspective, we assume that 


DER? (24.14) 


We next introduce spatial coordinates that are locally Cartesian 
and orthogonal at the given world-point. Then we have 


Oj =O), DP = D} (24.15) 
and, hence, it is easy to see that, 
azo, (24.16) 


620. (24.17) 


Because o and ó are sub-invariants, the conditions (24.16) and 
(24.17) hold in any coordinates. 
Inspecting the first equation of the system (24.11), we see that, 
generally speaking, 
y =o. (24.18) 


Similarly, inspection of the first equation of the system (24.12), 
we see that, generally speaking, 


o 
AIIV 
o 


(24.19) 


Chapter 4 


NUMEROUS COSMOLOGICAL CONSEQUENCES 


$4.1 Locally-accompanying frames of reference 


We are going to consider substance as continuous media. We can 
introduce a locally accompanying reference frame at any point A 
of a substance (the point A must not be a break-point for the sub- 
stance’s velocity with respect to the initial reference frame we have 
chosen arbitrarily). We introduce the reference frame as follows: 
A reference frame, which locally accompanies a substance at a 
given point A, is such that at this point A of the substance for 
the time interval t we are considering, (1) the frame is locally- 
stationary, and (2) the frame does not rotate with respect to 
the space. 


We assume that "ai is the chr.inv.-velocity of the substance with 
respect to the reference frame which accompanies the substance 
locally at the point A. Then, at the point A, we have 


(ol, 2 0, (1.1) 


(Goal, 2 0. (1.2) 


Because formula (10.6) of Chapter 2 gives (10.8), (17.12), and 
(17.13), taking (1.1) and (1.2) into account, we obtain 


(u*), s 0, (1.3) 
(wx), =0. (1.4) 
$4.2 Accompanying frames of reference 
In accordance with §1.10 and §1.19, we will refer to the reference 


frame which moves in company with the substance at any world- 
point of the given four-dimensional volume, as the accompanying 
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reference frame. If "auf is the chr.inv.-velocity of the substance with 
respect to the given reference frame, then, in this accompanying 
reference frame, we have 


*u =0 (2.1) 
and, hence 
u =o. (2.2) 


It is clear that in any volume, where the substance’s velocity 
has no break-points (with respect to an arbitrary reference frame), 
we can introduce the accompanying reference frame. Naturally, let 
us assume that components Ai of the substance's velocity are finite, 
simple, and continuous functions* of their arguments #°, #1, #7, 2? 
in a four-dimensional volume Q of a coordinate frame S. Then the 
system of functions 


ad = 2 (80,21,22, 33), i=1,2,3 (2.3) 


exist, where the functions are finite, simple, continuous, and dif- 
ferentiable in the volume Q, and satisfy the equations 


cf 
+> ü =0 (2.4) 


in this volume. We introduce a coordinate frame S', which is linked 
to the coordinate frame S by the transformations 


Sg (25) 
, : ; 2.5 
zÜ = r” (2°, il, i, £3) 


Let us find the velocity gi of the motion of the system S' in the 
system S. Because 


di? = da? 
Ox" Ox? , ; (2.6) 
dii = 5, de^ Z da" 
T T 
we have . 
zo OT 


*In the 84.1 and 84.2 above, we did not mention that the velocity is finite and 
unique, because the properties were implicit from physical considerations. 
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On the other hand, because 


az 
ax” ech 0, (2.8) 


we have , "eT 
ðr’? ðr’ O3) 


— e 0. 2.9 
an | O87 aen (29) 
Therefore, we obtain 
az" ag" ES 


zz — a?) =0 (2.11) 
and because 


#0, (2.12) 


we get 
=i’. (2.13) 


So the coordinate frame S’ moves in company with the sub- 
stance, and hence, S’ is of the reference frame which accompanies 
the volume Q. 


§4.3 The kinds of matter. Their motions 


We assume that the four-dimensional volume Q we are considering 
is filled with matter which satisfies the following conditions: 


1. The matter is a continuously distributed substance — a con- 
tinuous medium, which has no pressure or stresses, is free of 
heat flux, and has positive density; 


2. At any world-point of the volume Q, the components u’ of 
the substance’s velocity with respect to an arbitrary reference 
frame (z?,z!,2?,22), real numerical values of coordinates of 
which cover the neighbourhood of this world-point, are finite, 
simple, and differentiable functions of the time coordinate and 
the spatial coordinates. 


The first condition implies that the matter can be considered as 
an ideal fluid, free of heat flux, of positive density poo and zero 
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pressure po. So, we have 


Po\ dz’ dz” p 
e (po H 2 ds ds 2 Ors Poo > 0, po = 0 (3.1) 


or, in the alternative form 


dz" daz" 
quem = — 0. 3.2 
Poo ds ug poo > (3.2) 
It is evident that ime 

To Oto 
Too = — — 3.3 
00 = Poo de us ( ) 

, dzo da 
T= — — 3.4 
o = Poo de da? ( ) 

; dx’ da 
Tk = — —. 5 
Poo ds ds (3 ) 


The second condition, taking the results of 84.2 into account, 
implies that we can cover the volume Q point-by-point by the 
accompanying coordinate frames. In other words, we can introduce 
the accompanying reference frame throughout the volume Q. 


$4.4 Matter in the accompanying frame of reference 


We assume that matter" is linked to the accompanying reference 
frame. For any point-mass of the substance in this reference frame 


dz’ — 0, i= 1,2,3, (4.1) 

is true, hence 
dzo = goo dz°, (4.2) 
ds? = goo dz’ dz’. (4.3) 


Therefore, because of (3.3) and (3.5), we obtain 


p = Poo, (4.4) 
J =0, (4.5) 
Ue. (4.6) 


It is evident that the equalities (4.4-4.6) are essentially linked 
to our suppositions about the properties of matter. On the contrary, 


* A substance and radiations. — Editor's comment. D. R. 
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Speculations in this section are independent of the suppositions 
given for the 1st condition of 84.3; the speculations are linked only 
to the 2nd condition, containing only suppositions about motions of 
the substance. The substance is at rest with respect to the accom- 
panying reference frame by definition of such reference frames. In 
the neighbourhood of every point of the accompanying space, the 
substance, generally speaking, moves with respect to the reference 
frame locally accompanying the substance at the point. At every 
point of the accompanying space we can introduce: (1) the chr.inv.- 
tensors (covariant, mixed and contravariant) and the chr.inv.- 
invariant of the rate of deformations of the substance in respect 
of the reference frame, which is locally accompanying in this point; 
(2) the chr.inv.-rotor of the chr.inv.-vector of the angular velocities 
of rotations of the substance with respect to the same locally ac- 
companying reference frame. Because the accompanying space 
moves with the substance, the aforementioned quantities coincide 
with the chr.inv.-tensors and the chr.inv.-invariant of the rate of 
deformations of the accompanying space and, respectively, the chr. 
inv.-rotor of the chr.inv.-vector of the angular velocities of the 
accompanying space with respect to the reference frame locally 
accompanying at this point. At the same time the locally accompa- 
nying reference frame is of the locally-stationary reference frames. 
For this reason, we can identify the aforementioned quantities with 
the quantities Dix, D$, D™, D, and R'(*w) - *V; (h D— D*), re- 
spectively*. 

Thus, the quantities Dig, DF, D'*, D, and R'(*w), characterizing 
the rate of deformations and the velocities of relative rotations 
of elements of the accompanying space, actually characterize the 
same for an element of the substance. In particular, the chr.inv.- 
invariant of the rate of relative expansions of an elementary volume 
of the space, namely — the quantity D, gives the rate of relative 
expansions of the element of the substance at any given point. 

In addition to the above, we can also say that, in the accompany- 
ing reference frame, relative motions of elements of the substance 
characterize themselves by the fact that the quantities hi, (hence, 


*As mentioned above, it can be a set of locally-stationary reference frames at 
any given point. We saw that the arbitrary rule for choosing the locally-stationary 
reference systems does not affect the aforementioned equations containing the 
quantities Dix, DE; Dik, D, and R*(*w). Now, as seen from this section, 
we specialize this choice of locally-stationary reference frames, taking locally 
accompanying reference frames instead of them. 
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also the quantities h** and h) are dependent on the time coordinate. 
In particular, transformations of the volume of the substance's 
element are described by a function of vh from t (see formula 
12.7 of 82.12). 


$4.5 The cosmological equations of gravitation 


We are going to consider the system of the equations of gravita- 
tion. This system in the case (3.2) can be considered as a system 
of 10 equations with respect to 10 unknowns: one quantity p, three 
u* and 6 of 10 independent quantities g,,* At the same time, the 
equations can be considered as equations that define p from 9 of 
the components g,, when u* and one other component of gu, are 
given. Introducing the accompanying reference frame, we apply 
this approach to the equations of gravitation. Therefore, the system 
of the equations of gravitation in the accompanying reference frame 
can be considered, for instance, as a system, which define the value 
of p, the 3 value of vj, and the 6 values of hi; (when w is given by 
a special choice of the time coordinate). 

So, we can write the equations of gravitation in the accompa- 
nying reference frame as formulae (24.11-24.13) of 83.24: the first 
chr.inv.-form 


athe? fie pe? 
ak —0 , (5.1) 


k 
D 


2a; +0 
the second chr.inv.-form 


3a +0 = ô -2kpc? +24? 


o =0 
1 1 j 5.2 
(205 - Inta) + (ob - Inte) + (et - tto) 4 e 
1 
kt LAG = 3 Kid? 
the scalar equation of gravitation 
a 4-6 c0-F29 = kpc? + ANC. (5.3) 


*We can define the other 4 components of guv by a specific choice of coordinate 
frame. For instance, see [64], p. 237. 
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Besides these, formulae (24.3-24.8) of 83.24 remain unchanged, 
while formulae (24.1), (24.2), and (24.9) will be simplified (because 
of formulae 4.5 and 4.6 of $4.4) as follows 


"ODE. dus = 
k * k *vk 
k Oi OF all 54 
S 8t E ics Pa 
OD aaa 
= "M.P 5.5 
Boge M (5.5) 
of = -—cSF-DDF, (5.6) 
gc =-c’S+D?, (5.7) 
we = DAP + DF AY = EIF po; + eg DFO, (5.8) 
ob = — Al Af = —0,0* + Kë, (5.9) 
a = Al Af = 20€), (5.10) 
ô= D! D}, (5.11) 
: 1 3,70) ; 
9* = *V; (hb? D — DV) — "we 4E + — AMF; = 
c (5.12) 


2 : 
= R* (*w) bg Ka (Q) + z eO F, R 


It is also evident that (24.15) and (24.17-24.19) of 83.24 retain 
their power, whilst the equality sign in (24.14) disappears, so 


po, (5.13) 
o 20, (5.14) 
620, (5.15) 
EI (5.16) 
920. (5.17) 


Thus, we see that the equations (5.1-5.3), because of (5.4-5.12), 
create a link between the following quantities: 


e Quantities which characterize the state of the matter; 

e Quantities which characterize the evolution of the accompa- 
nying space; 

e Quantities which characterize the geometric properties of the 
space. 
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In other words, equations (5.1-5.3) are cosmological equations. 
In accordance with 81.17, they are the cosmological equations of 
gravitation. If we use the equations to find p, vj, and hik, we will 
then need to add 18 other equations to them. The additional eq- 
uations define Dip (6 components), Zip (6 components), Q; (3 com- 
ponents), and F; (3 components) as functions of w, ue, and hig. So 
we will need to consider the whole system of 28 equations with 
respect to the same number of unknown functions. 


$4.6 The cosmological equations of energy 


The equations of the law of energy (see formulae 12.9 and 12.11 of 
83.12), because of (4.3) and (4.6), take the form 


*Oo 
ot 


+ pD =0, (6.1) 


PP p= 0. (6.2) 
Formula (6.2), because of (5.13), leads to 
F,=0. (6.3) 


In accordance with §1.17, equations (6.1) and (6.2)* are the 
cosmological equations of energy. 

It is known that the equations of the law of energy are conse- 
quences of the equations of the law of gravitation, in the sense that 
they are derived from the four identities between the left sides 
of the equations of gravitation. For this reason we can use the 
equations of energy instead of the four aforementioned identities. 


§4.7 The main form of the cosmological equations 
Because of the third of equations (5.1), we obtain 


3 
2a-kc 9 — 7 pe! AA (7.1) 
and so 


1 1 1 
2 (af = ho) + (oF - z ho) (e£ - z hto) Bar em. (7.2) 


Adding the first of equations (5.1) and the equation (7.1) term- 


*Or formula (6.3) instead of (6.2). 


4.7 The main form of the cosmological equations 191 


by-term, we obtain the first of equations (5.2). The last, in its con- 
nection with the first of equations (5.1), gives (7.1). Hence, equation 
(7.1), in connection with (7.2), leads to the third of equations (5.1). 
Therefore, the system 

a 4 Ac? SEET 

3a +0 =ô --2kpc? + 2Ac? 

k lk k Jup k Jup k 
2 (o. ;hfo) H (o; z hte) + (vi -ghig) +w; =0 


g* —0 


is equivalent to the system (5.1) and therefore to the system (5.2). It 
easy to see that the third of equations (7.3) gives only 5 independent 
relations, because of its symmetry and becoming zero under its 
reduction. 
Because 
ej hu + Eju h^ = eji + efa =A" (eji +Ejqi) 20, Dä 
we can write (5.8) in the form 


f 1 , 1 
wF = gilk Qj (Da — Shu D) + Eju Q? (OF — NSL (7.5) 


Using (21.33) and (21.35) of §2.21, instead of (5.6) and (5.7), we 
can write 


o? = —c?(ZP —-h?Z) + DDF, (7.6) 
ges Se + D. (7.7) 
Introducing the notation 
p ou 
Tl = D} Dj — st, (7.8) 


we re-write (5.11) in the form 
1 
EE (7.9) 


Using equation (6.3), equalities (5.4), (5.5), (5.12) become the 


more simple 
x  *0DE 
Em : 7.10 
facer (7.10) 
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*OD 
cm 7.11 
peres (7.11) 
8* = *v; (nV D— D") "Me A" = R¥(*w) -*r*(Q). (5.12) 


Let us write equations (6.1), (6.3) and the system (7.3), taking 
equalities (5.9), (5.10), (7.5-7.7), (7.9-7.12) into account, 


*à 
at t PD - 0, (7.13) 
F, — 0, (7.14) 
*OD 1.5 jo B 2 2 
ES TRU FII — 205 ir Pe +Ac*, (7.15) 
1 2 1 j 2 2 2 
3P - zH 38059 +c Z — Kpc* 4- Ac*, (7.16) 
*à 1 1 
a (Di - 5 PED) + D(D} - z hip) 
| 1 | 1 
n Yy (Da SE D) + £g CU (p* = ; ^D) = (7.17) 


= 2(2;0* - n) x e(zt - az) 
R* (*w) — Ké (Q), (7.18) 
where the equality (7.18) can be written in the form 
*V;(n9 D — D) "Me AV. (7.19) 
We take equations (7.13-7.17) and (7.18) as the main chr.inv.- 


form of the cosmological equations. 


$4.8 Free fall. The primary coordinate of time 


Equality (7.14) implies that the substance falls freely in the field of 
gravitational inertial forces. This is self-evident because there are 
no other forces under the conditions (4.5) and (4.6). Equality (7.14) 
leads to numerous consequences", one of which will be considered 
now — that there is a possibility of choosing the primary coordinate 
of time at any point of the space. 


*We used the equality, numbered as (6.3), earlier in 84.7. 
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We assume that condition (7.14) holds everywhere in a four- 
dimensional volume Q. We introduce a coordinate of time such that 
the condition 


w=0 (8.1) 
holds throughout the volume. Then, because of (7.14), we obtain 
Ou; 
=0. 8.2 
i (8.2) 


The formulae (8.1) and (8.2) lead to 
Y=0, (8.3) 
$; —0 (8.4) 


in the volume Q (see formulae 23.18 and 23.28 of 82.23). So, numer- 
ical values of 5 quantities (Ww, Y, $;) of the 14 locally independent 
quantities we considered in 82.20 are defined throughout the vol- 
ume Q. Next, we need to find numerical values of the other 9 
quantities (v; and Karl at any point of the volume Q. We assume 
that, at a space point A at a moment £ — to, we have 


v, — 0, (8.5) 
Xin — 0. (8.6) 


Because (8.2) holds throughout the volume Q, the condition (8.5) 
remains unchanged at the point A for all numerical values of t in 
the said four-dimensional volume. 

Owing to (8.5), formula (8.6) can be written as follows (see 
formula 23.31 of 82.23) 

uk Ou; 


: = 8.7 
Oz! S Och A 
Because we have 
8 / Ou; 8 (Ou, 
= 8.8 
ot Ei Oz? ( 23 (58) 
and (8.2) holds throughout the volume Q, we have everywhere in 
that volume a /8 ə 
Uk Ui 
= : zx. 8. 
8t E Y Si (5:9) 


Hence, formula (8.7) remains unchanged at the point A for all 
numerical values of £ in the volume Q. It is evident that (8.6) also 
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remains unchanged at the point A for all values of £ in the vol- 
ume Q. 

So, if the conditions (7.14) are true in the volume Q, then we 
have the possibility of choosing, at any point A of this volume, 
time coordinates which permit conditions (8.1) and (8.3-8.6) at the 
point A for all t inside the four-dimensional volume. In accordance 
with $2.22, the spatial section, corresponding to this choice of time 
coordinates, is a maximally orthogonal one (at the point A for all 
values of t in the volume Q), so that 


Kkjin = Skjin (8.10) 
and hence 
Hik = Sik, Cik = Zik. (8.11) 
If the condition 
Ar =O: (8.12) 


aside of the condition (8.1), is also true in the volume Q, then we 
can, in accordance with §2.7, introduce the cosmic universal time 
(see §1.2) — time coordinates by which the equalities (8.1), (8.5), 
and hence (8.3), (8.4), (8.6), (8.10), (8.11) hold everywhere in the 
volume Q. 


$4.9 Characteristics of anisotropy 


We consider next the problem of anisotropy of volume elements, 
in both the mechanical and the geometrical senses. Let us first 
consider the problem of the mathematical characteristics of the an- 
isotropy of that mechanical geometrical factor, which is described 
by a symmetric sub-tensor of the 2nd rank Bii. If this factor is 
spatially isotropic at a world-point, then, in locally Cartesian spatial 
coordinates at this point, we have 
1 
k ik 3B, 
By = B; = Bnn 3 
0, t#k 


t=k 
` (9.1) 


where we denote 
B-Bj. (9.2) 


In arbitrary coordinates, we have 


1 1 : Tros 
Ba -jh&B, | BP-QMB, Bi: S h*B. (9.3) 


4.10 Absolute rotations 195 


Next, we introduce the sub-invariant 
T= (B! — Zus - thi B) = BiB? — 1 p? (9.4) 
=T p eh E nda ci i 


In locally Cartesian coordinates the sub-invariant is equal to 
the sum of the squares of the quantities Bj — +h? B. So the sub- 
invariant is zero under the isotropy conditions (9.3), and it is po- 
sitive if conditions (9.3) are violated. For these reasons, we can 
identify the introduced sub-invariant I' as the quantity of the spa- 
tial anisotropy. 

It follows from what has been said that, in particular, the chr. 
inv.-invariant II= Dj Dj — 3D? (7.8) has a nonnegative numerical 
value, and the chr.inv.-invariant characterizes the anisotropy of de- 
formations of the volume element (for instance, compare this result 
with [58], p.612). 

Let us consider the case of 


Bik = Bi Be, (9.5) 
where 6; is a sub-vector. Then 


B — 6; B, r= 5 (0,69) = 2B (9.6) 
and so the spatial isotropy manifests if and only if the sub-vector 0; 
is zero. From this, in particular, we can see that the chr.inv.-tensor 
Q,Q* — 1 A*0;Q7 becomes zero only with the chr.inv.-vector 9j. 

It is possible to say that the chr.inv.-invariants II= Dj Dj — 3 D? 
and Qj QJ, the chr.inv.-vector Q;, and also the chr.inv.-tensors 
DE — EhED and Q;Q* — iA; characterize the mechanical an- 
isotropy of the volume element (its kinematic anisotropy and its 
dynamic anisotropy), while the chr.inv.-tensor Z¥ — $hZ charac- 
terizes its geometrical anisotropy. We shall consider the chr.inv.- 
vector (2; first. 


$4.10 Absolute rotations 


In 83.9 we saw that in relativistic equations of dynamics Q; plays a 
part akin to momentary angular velocity of the absolute rotations 
of the reference frame in classic equations of dynamics. For this 
reason we can call the chrinv.-vectors Q; and QF the chr.inv.- 
vectors of the angular velocities of the dynamic absolute rotation. 
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It is evident that they are the angular velocities, which can be 
found from experiments in mechanics. If we consider instead of the 
Metagalaxy, the regular test-bodies in an Earth-based laboratory, 
then the velocity can be found from a Foucault pendulum experi- 
ment, for instance. It is known (for instance, see [7], p. 183), that 
this velocity is different from the angular velocity of the kinematic 
"absolute" rotation by a quantity, which is, generally speaking, 
a function of a point. It is evident that the angular velocity of 
the kinematic absolute rotation can be characterized (to within a 
chr.inv.-vector, the chr.inv.-derivative of which disappears) by the 
chr.inv.-vector *w in the left side of the equation R*(*w) —*r*(Q) 
(7.18). Therefore it is possible to say that the equation (7.18) links 
the dynamic absolute rotations to the kinematic absolute rotations*. 
In particular, this equation implies that the difference between the 
chr.inv.-vectors of the angular velocities of the dynamic absolute 
rotation and the kinematic absolute rotation is an irrotational chr. 
inv.-vector. 

Now let us consider the angular velocity of the dynamic absolute 
rotation. We will use the condition F;=0 (7.14). Throughout the 
four-dimensional volume, where this condition is true, we have: 


1. There is 
ð i 
dc ( LE ) ; (10.1) 


| 2 \ðri Oak 


2. Choice of the time coordinate in such way as to make equality 
(8.2) true throughout the said volume. So, because of (8.2), 
(8.8), and (10.1), we obtain 


Aik 
= 10.2 
2. (10.2) 
and hence wa 
ik 
=0. 10.3 
2: (10.3) 


The latter equality and also (10.2), equivalent to it, because of 
their chr.inv.-tensor nature, are true for any choice of the time 
coordinate. 


"We can see more clearly the geometrical sense of equation (7.18), which 
links the dynamic absolute rotations to the kinematic absolute rotations, from 
its "detailed" form *V; (h*/ D — D*7) 2 *V; A (7.19). This detailed form can be 
obtained after substituting R*(*w) — *V;(h9 D — D?) and *r*(Q)=*V;A* into 
(7.18). Zelmanov uses R*(*w) here as an alternative to denote the chr.inv.-rotor 
*r*(*w) of the chr.inv.-vector *w (see formula 17.15 of 82.17 for the details). — 
Editor's comment. D. R. 
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Because of (9.1) of §3.9, we have 


SE M 
Q = 2 EA, ‘ (10.4) 
Because 8 
ek o, (10.5) 
or, in other word, 
2 1 
git — pl. 10.6 
Th KS 
we obtain 2x 
Tei? 
=0 10.7 
= =0, (10.7) 


or, in the alternative form 


"ëch 1*OVh 1 
P dee UNUS ! (10.8) 
ot h Ot Vh 
Hence, in general, we have 
gk 8 
- gp, 10.9 
E € (10.9) 


Therefore, formula (10.4), taking (10.3) into account, gives 
*oQ 
ot 


Because of (10.10), we obtain 


=-D. (10.10) 


So, we arrive at 


O ha) =0, (10.12) 
ôt 
and, because of (13.2) of §3.13, 
2 (vai) =0 (10.13) 
ot í 


where V is the volume of the element of the accompanying space. 
Formula (10.13) implies that, in every element of the accompanying 
space, the chr.inv.-vector (Y* retains its direction and the non-zero 
component of the vector is inversely proportionally to the volume 
of the element. 
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Because of (10.12), we can write 


] D : 
UI “Wet. 10.14 
JR ey (10.14) 
Because of (10.10), the square of the chr.inv.-vector is 
zéi . l . 
a; (Pat AV) = 2(Dj4 970! — Dh ojo. (10.15) 


Let us take coordinate axes at the given point in such a way 
that at a given moment of time we have 


OFS o =0. (10.16) 


Because of (10.10), this equality will hold for all moments of 
time. Hence, at this point, we have 


Dy WO! = hu (94), (10.17) 


D 
=| hu(9)"]=2| Del Dad (72-0) KO (10.18) 
1 
We direct the axes z? and z? in those directions so that, at the 
moment of time we are considering, the axes are orthogonal to z! 
at this point. 
Then, at that moment of time, we have 


2 


hı 0 0 
hj = | 0 hag has (10.19) 
0 h32 h33 
and hence : 
Dii = (hii) DH, (10.20) 
1 
hii = Rh P (10.21) 
so that z pu 
11 
— = — 10.22 
ne uu (10.22) 
We can re-write (10.18) in the form 
1 "0 hii Qi 2 D 
5 ( ) = (p p) (10.23) 
hii (Q1)? t 


and with §2.12 as a basis, interpret it as follows: 
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At any point at any moment of time the velocity of relative 
changes of the ch.inv.-vector of the angular velocities Q* 
(or Qi) of the absolute dynamic rotation is equal in its modulus 
and converse in its sign to the velocity of relative changes of 
the square of the surface element, which is orthogonal to the 
direction of the vector OP. 


The equality (10.23) is an analogue of the known theorem of Classic 
Mechanics, according to which the strength of a vortex remains 
unchanged in time (for instance, see [58], p. 187). 


$4.11 Mechanical anisotropy and geometrical anisotropy 


In 84.10, we saw that the cosmological equation (7.14) provides 
a means to select one of the anisotropy factors for its studying, 
namely — the dynamic absolute rotation. At the same time, it is 
impossible to divorce the deformation anisotropy and the curvature 
anisotropy. This is true, in particular, because it is impossible to 
divorce quantities S¥ and DDF (see 83.24). Their relation to one 
another, and also their relation to the dynamic absolute rotation, 
give the cosmological equation (7.17). We shall now consider its 
consequences. 


A. We assume that at a moment of time at a given point we have 


1 
Di -zD =0, (11.1) 
then, generally speaking, 
9 k 1 k 
= - hD) 0. 11.2 
a (DE - ghtD) # (11.2) 


So, in contrast to the dynamical absolute rotation, which can 
not appear or disappear, the deformation anisotropy under the 
presence of the absolute rotation or the curvature anisotropy 
(or, under both factors) can disappear for a moment and then 
appear again. 

B. Ifatthe point we have 


05 2, (11.3) 
1 
Es zmz = ! (11.4) 


“a 1 1 
(pt -= nip) + (pf ; hÍD) =0, (11.5) 
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or, because of (12.9) of 82.12, 


2 riet - sup) =0 (11.6) 
Ot $c gr ry ` 
Therefore, when the dynamical absolute rotation is absent and 
the curvature anisotropy remains unchanged, the deformation 
anisotropy decreases with expansion of the volume element, 
and it increases with contraction of the volume. 


If at this point condition (11.3) and 
1 
DF — 3 uD=0 (11.7) 


are true, then (11.4) are true there as well. So, when the 
dynamical absolute rotation is absent and the deformation iso- 
tropy remains unchanged, the curvature isotropy manifests. 
In other words, mechanical isotropy leads to geometrical iso- 
tropy. 

If at the point conditions (11.4) and (11.7) hold, then the con- 
dition (11.3) is true in the point. So, if the space deformation 
and the space curvature retain their isotropy unchanged, then 
the dynamic absolute rotation is absent. 


§4.12 Isotropy and homogeneity 


We suppose that conditions (11.3), (11.4), and (11.7) hold in a four- 
dimensional volume. Then we have 


neg. (12.1) 


AR 20, *V; AM =0, (12.2) 


so the cosmological equations (7.15), (7.16), and (7.19) take the 
forms, respectively 


*OD 1 K 
+ =D? = 24 Ac? 12.3 
w iu 5 ^c + AC, (12.3) 
1 2 2 2 2 
3P c c*Z — Kpc* +Ac*, (12.4) 
*OD 
eee (12.5) 
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while the cosmological equation (7.17) becomes an identity. Because 
of the first of the equalities (12.2), we can introduce the following 
coordinates 


£9 = iP (a9, 21,27, ei 


(12.6) 
ži =r, 1=1,2,3 
so that throughout the aforementioned volume, we have 
à; =0, (12.7) 
and so " 
DÉI? zo. (12.8) 
In this case, in accordance with 82.22, we have 
Caz (12.9) 
and, because of (11.4), 
2 Tars 
Či -3h =0. (12.10) 
Employing Shur’s theorem, we obtain 
ac 
—=0. 12.11 
oğ: ( ) 


Hence, going over to arbitrary coordinates and taking (12.9) into 
account, throughout this volume we have 


—=0. 12.12 
Bai (12.12) 
Formula (12.4), because of (12.5) and (12.2), leads to 
Wal 
=E 12.13 
55:779 (12.13) 


We have now obtained equations for a homogeneous model. We 
can transform the equations to the form (17.1) and (17.2) of 81.17, 
using the cosmic universal time coordinates (such time coordinates 
can be introduced, because of 7.14 and 11.3). Then we obtain 


= DEN (12.14) 
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and hence (see 7.13) 


OD 1 K 
HZD? = SE Ao" 12.15 
aE TS 52€ + AC, ( ) 
1 
3D TÓC =Kpc* + Ac’, (12.16) 
OD ac 0p 
-=0 -=0 == 0 12.7 
Oz , Oz! : Oz! ^ ( ) 
dp 
—+Dp=0. 12.1 
a + PP (12.18) 


So, if the conditions (4.4-4.6), linked to our suppositions about 
the properties of matter, are true, then the isotropy of the finite 
four-dimensional volume implies that this volume is homogeneous. 


$4.13 Stationarity in a finite volume 


We assume that a substance throughout a finite four-dimensional 
volume, undergoes no deformations 


Dig z 0, (13.1) 
SO, as it is evidently, we have 
his ft. (13.2) 
Because of (7.13) and (10.10), we obtain, respectively 
pit, QE. (13.3) 


Thus, this is a statistical case. The cosmological equations of 
gravitation in this case can be written as follows 


; pc = 22,07 +A, (13.4) 

30;Q? Jo Z = kpe Ac, (13.5) 
dree e Soen! e (2 = 3 MZ) =0, (13.6) 
"E (Q) =0. (13.7) 


We also assume that everywhere in the volume we are consider- 
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ing the condition 
Q* 0 (13.8) 


is true. Then equation (13.7) becomes an identity, while equations 
(13.4), (13.5), and (13.6) take the forms, respectively 


: pest; (13.9) 
Z-—kp A, (13.10) 

1 
ZF — SE =0. (13.11) 


Because of (13.8), we can introduce coordinates (12.6), where 
the conditions (12.7) are true. Then the conditions (12.8) and (12.9) 
will be true as well, because of (13.11), the equalities (12.10-12.13)*. 
Using cosmic universal time, we can express Z and Zr in (13.10) 
and (13.11) through C and CF. Inspecting equations (7.1) and (7.2) 
of $1.7 and comparing them with the foregoing, we see that the vol- 
ume we are considering can be interpreted as the Einstein model. 

As a result, if the conditions (4.4-4.6), linked to suppositions 
about properties of matter, are true, and the absolute dynamical 
rotation (13.8) is absent, then the condition of stability leads to the 
Einstein model. So, if non-empty static models, different from the 
Einstein model, can exist under the conditions (4.4-4.6), then they 
are models with dynamic absolute rotation. 


$4.14 Transformations of the mean curvature of space 


Before we consider transformations of the volume of any space 
element in time, we are going to deduce numerous consequences of 
the cosmological equations (7.13), (7.15), (7.16), here and in 84.15. 
Eliminating the cosmological constant from the last two equations, 
we can write 


Vis 1 ! lid 
+Z- Ha -II-20,0 + pc? — (141) 
at 2 2 
Differentiating (7.16) term-by-term, we obtain 
2 "8D *d 1 : *Op 
D ( 27-114 dt =ke, 14.2 
37 o a ep se oe Sé 


As a result, multiplying (14.1) by 2 D term-by-term and sum- 


*The last two of the equalities are direct consequences of (13.9) and (13.10). 
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ming with (14.2), after taking (7.13) into account, we obtain 
50: 52 1 , 2 ; 
dm (ez - zu 80,07) - 2D 6-30). (14.3 
(x T3 d SE 3 Pl ye. amm 


If, at a given point, we have 
II- 20,07 =0, (14.4) 


then it is evident that at this point we obtain 


*O 2 1 ; 
dium (éz-zn 80,07) =0, 14.5 
(x Ta ) du TAN des) 
*8[, 2 1 al ` 
< Vale Z- I 3050) =0, (14.6) 
ot 2 
or, after the primary time coordinate has been used (see §4.8), 
ð 3 2 1 j 
^ n(c- - 11-3007) =0. (14.7) 


In the case where (14.4) is a consequence of the equalities 
tege, GY 2 0, (14.8) 


which imply that the space is isotropic at this point (see $83.11), 
equations (14.6) and (14.7) take the forms, respectively 


A GR Z) =0, (14.9) 
Zuse =0. (14.10) 


Thus we see that the equalities (14.5) and (14.6) are general- 
izations of the equalities (17.4) and (17.6) of §1.17. So (17.4) and 
(17.6) can be realized at any given point, if the space is isotropic at 
this point and the isotropy remains unchanged. 


§4.15 When the mass of an element and its energy remain un- 
changed 
Formula (7.13) leads to 


Whe) =0 (15.1) 
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and, because of (12.7) and (12.8) of 82.12, we obtain 


"0M ` 5 
t s 
where M is the mass of a volume element of the accompanying 
space, or equivalently, the mass of an element of the substance in 
the space. 
Because this space accompanies the substance (in other words, 
this is the accompanying space (see formula 6.2 of 83.6), we have 


(15.2) 


aM = SOM (15.3) 
dt Ot ' i 
so that 
AM = 0) (15.4) 
dt 
Because the energy of the element is 
E - Mc, (15.5) 
we have 
DE =0. (15.6) 
dt 


Instead of the equality (7.13), which is a particular case of (12.9) 
in §3.12, we can use the equality 


Cz) =0, (15.7) 


which is a particular case of (13.18) in 83.13*. Because we consider 
all in the accompanying space, we shall drop the suffix “fix”. 
Formulae (15.4) and (15.6) lead to the equalities 


d e 0 (15.8) 
d w l 
dE 
— =0 15.9 
2 (15.9) 


for any choice of the time coordinate, so the mass and energy of 
the element of the substance remain unchanged. 

Finally, we can write the density of the element at this point, 
because of (13.2) and (13.3) of 83.13, in the form 


p vlt, (15.10) 


*Formula (13.18) is a consequence of (12.9) in 83.12 in the same Chapter 3. 
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$4.16 Criteria oi the extreme volumes 


Looking at formula (12.7) of 82.12 we can see that the value of the 
space volume element is different from vh by a multiplier, which is 
independent of the time coordinate. For this reason, in studying the 
evolution of the value of a volume element, it would be sufficient 
to consider changes of vh in time. 

First, let us consider criteria for the extreme states" of the 
volume of any given element during its transformations in time. 
Having chosen spatial coordinates so that the condition 


Vh £0 (16.1) 


is true at the point we are considering, we can write criteria for 
the extrema as follows: the necessary criteria of the minimum 


2 
avh d Oh. 


zi c9. "ag 95 ES 
the sufficient criteria of the minimum 
Oh 8? /h 
Seel ; 
T ; se ^0 (16.3) 


the necessary criteria of the maximum 


2 
SE Oh _ 


RUM <0, 16.4 
ot ; Ot? ( ) 
the sufficient criteria of the maximum 
Oh 0? /h 
——— =0 0. d 
8t ; 88 Ke (16 5) 
On the one hand, we have 
*AVh ` c Oh 
Ot | cd-w ôt’ 
: S (16.6) 
“Pyh ( cd c Ge SA x ayh 
a  Vc-—wjNiXc-—wót 8t ot jJ’ 
and on the other hand 
*aVh *0? Ab *OD 
—— =VhD ss VI —— + D? 16.7 
ot Vh , Ot? Vh ( at + ) : ( ) 


*Here and in what follows, where we do not say the inverse, we mean regular 
extrema. 
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so we obtain 


Ovh (, w 
. ( qs . (16.8) 
EEN 


Limiting our tasks by the extreme states of the finite volume of 
the element (hence, its density is finite as well), we can see that the 
conditions (16.2-16.5) are equivalent to the conditions, respectively 


D=0, P 20, (16.9) 

D=0, t >0, (16.10) 
*OD 

D=0, a <9 (16.11) 

D=0, E <0. (16.12) 


The criteria, and hence the “maxima” and “minima” are inde- 
pendent of our choice of time coordinate. Note that the criterion 
for non-accelerated transformations of the volume (this is the nec- 
essary criterion for the inflection point of the function vh) is 


OZ Ah 
E =0 (16.13) 
or, in the alternative form 
*OD 2e V Ow 
D? D— =0 16.14 
8E (a — =) 8t f ( 


so the accelerated and non-accelerated transformations are depen- 
dent on our choice of time coordinate. Taking a time coordinate 
so that 

w=0, (16.15) 


we transform (16.14) into the chr.inv.-condition 


a +D?=0, (16.16) 


where, as well as for the extrema, we suppose vh finite. 
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$4.17 The evolution of the volume of an element 


Considering the cosmological equations, we see that the function 
vh of t is clearly linked to only p, II, Q;(7, and Z by equations 
(7.13), (7.15), and (7.16). In this section and we shall find the 
limitations the equations impose on transformations of the volume 
element when the spatial coordinates remain unchanged and the 
time coordinate changes arbitrarily. In this study, we consider the 
evolution not of the quantity Vh, but the quantity* 


n= Vh. (17.1) 


Denoting chr.inv.-differentiation with respect to time by an ast- 
erisk, we can write 


*Olvh h 
D- = 3- 17.2 
T SÉ (17.2) 
van "7 m 
=3 17.3 
ot E 5) ( ) 


It is not difficult to deduce, with vh (and, hence 7) finite, that 
the minimum or the maximum of one of the quantities leads to the 
minimum or the maximum of the other. So conditions (16.9-16.12) 
are equivalent to, respectively 


* "kk 
n=0, n>0, (17.4) 
* Ké? 
n=0, n >0, (17.5) 
* "kk 
7 —0, n «0, (17.6) 
* "kk 
n=0, 7 « 0. (17.7) 


Let us introduce the auxiliary quantities 7 and € (we will refer 
to the latter as the criterion of the curvature) so that 


"E 
II — 20,0 = 2 (17.8) 


1 l € 
PZ- = T+ 30 Sd (17.9) 


*Compare it with R in the regular equations for homogeneous models. 
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Then equations (7.13), (7.15), (7.16) take the forms, respec- 
tively* x 

NEC (17.10) 
7 


= tA, 17.11 
cy 2cm 2 ( ) 
n2 £ 


and the equation (14.3), after its multiplication by 7? term-by- 
term, takes the form , 


é£—77. (17.13) 


Any of the four equations (17.10-17.13) can be obtained as a 
consequence of the other three. So equation (17.12), because of eq- 
uations (17.10) and (17.13), is the first integral of equation (17.11). 
Therefore we can, in particular, take (17.10), (17.12), (17.13) as the 
initial equations. Instead of the latter, we can also take 


f= n (17.14) 


where the dot implies regular differentiation with respect to an 
arbitrary time coordinate. Eliminating the curvature criterion, we 
arrive at two cosmological equations, namely 


(17.15) 
n2 3 . 
agt dia | cree 


which are analogous to (6.1) of §1.6. Next, eliminating p, we obtain 
one equation with respect to 7 (see 15.10) 


* 
n? 3 ; KL 
3 — di = — +A 17.16 
cup c SCH DS +A, ( ) 


which leads to 


H 


*Compare the equations with equations (4.2), (5.1), (5.4) for homogeneous 
models (see §1.4 and §1.5). 
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To solve this equation we need to know 7 as a function of t or 
7j. At the same time, presupposing something about the quantities 
T and E, we can obtain something about the evolution of 7. This 
will be one of our tasks. Moreover, in that study we will suppose 
that 7 does not remain fixed during the finite time interval we are 
considering. 

Let us split the interval of changes of the time coordinate t 
(which can be finite or infinite), where the essential positive fun- 


ction 
n=n(t) (17.18) 


is defined, into the minimum number of time intervals where this 
function is monotonic. Then at one of the boundaries of each the in- 
tervals (the intervals can be finite or infinite) we have the minimum 
numerical value of the function, and at the other boundary, its 
maximum numerical value. We suppose this function continuous 
everywhere and its derivative continuous under any non-zero nu- 
merical value of the function (under any finite numerical value 
of the density, in other words). Then 6 kinds of the minimum 
numerical values of the function 7=7(t) can result. We label the 
kinds a, m, p, q, r, s. The maximum numerical values can be of 3 
kinds, and we call them A, D, M. In this terminology, we specify: 


a — the non-zero asymptotic numerical value which the 
function approaches from above (under time coordinate 
changes in its positive or negative direction); 


m — the non-zero minimum of the function; 

D — its zero asymptotic value; 

q — zero value of the function when its derivative is zero; 

T — zero value of the function when its derivative is non-zero 
and finite; 

s — zero value of the function when its derivative becomes 
infinite; 


A —the finite asymptotic value the function ap- 
proaches from below (under time coordinate changes in 
its positive or negative direction); 


D — the infinite value of the function; 
M — the finite maximum of the function. 


In accordance with this terminology, we will refer to states of 
the volume element as follows. States of finite density: 
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D — the limit state of the infinite rarefaction; 
M — the state of the maximum volume; 
A — a state, where the volume remains unchanged; 
a — astate, where the volume remains unchanged; 
m — the state of the minimum volume. 

States of infinite density (p, q, r, and s): 
D — the asymptotic state of infinite density; 


q — the minimum state of infinite density; 
T — the collapsed state of infinite density; 
s — the special state of infinite density; 


All the states can appear in the theory of non-empty homoge- 
neous models (see 81.7) except the states p, q, and r. 


$4.18 Changes of the criterion of the curvature 


We fix the spatial coordinates, so we consider zt, T, and 7 as func- 
tions of only the time coordinate. At the same time, the time coord- 
inate is linked to the function 7 by a mutually-unique relation in 
every interval, where this function undergoes monotonic changes. 
Therefore, in each of the aforementioned intervals, we can consider 
€ and 7 as functions of 7. Inspecting (17.13), we see that 


8€ 
Sor = | Tdn. 18.1 
peat, tof ray (18.1) 
We use the equations 
Aa A Ku 
= A 18.2 
alta gp tan (18.2) 
Ass 3 H 2 
a Paes Aa, (18.3) 


which have the same power (for finite numerical values of 7) as 
those equations which can be deduced by eliminating p from 
(17.10-17.12). Because of (18.1), equation (18.3) is the first integral 
of equation (18.2), so we could limit our tasks by considering only 
equation (18.3). However some consequences could be obtained 
more easily from (18.2), so we also consider this equation. 

The previous section described some limitations on the function 
7 and its derivative. Taking the limitations, and because of (17.12), 
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(18.3), and since w < c? is continuous, we deduce that, for 740, the 
quantity £ is a continuous function of t. As a result, the curvature 
criterion is a continuous function of 7 in any finite interval of 1, 
where a zero-point is absent. So we will consider those intervals 
where ņ is a monotonic function of t. Let us consider different cases 
of this function. 


Case I: 
T=0. (18.4) 


This case manifests, in particular, under the conditions 
II-0, 2,07 20, (18.5) 


i.e. when the mechanical isotropy, and hence the geometrical isot- 
ropy, remain unchanged at the given point we are considering 
(see 84.11). Because of (18.4), and taking (18.1) into account, we 
obtain 


E = const 20. (18.6) 


So, in this case, we have 7T —0. In other words, three kinds of 
the curvature criterion are possible under conditions (18.5): 


(1) the curvature criterion is positive; 
(2) the curvature criterion equals zero; 
(3) the curvature criterion is negative. 


We introduce notation for the cases: Ii, I2, I3. In addition, we 
introduce 
R= R(t) (18.7) 


so that, at the point we are considering, we have 


n R € _k 
n R’ cy R2’ 


Besides these, choosing time coordinates so that 


k = 0; +1. (18.8) 


w=0 (18.9) 


at this point, we bring the cosmological equations (7.10-7.12) for 
this volume element into their known form in the theory of a ho- 
mogeneous universe. 


Case II: 


3 
W 
e 


(18.10) 
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This case manifests, in particular, under the conditions 
II. GA — 0, (18.11) 


i.e. under anisotropic (generally speaking) deformations in the ab- 
sence of the dynamical absolute rotation at the point we are con- 
sidering. 

Because of (18.10), and taking (18.1) into account, we conclude 
that the curvature criterion does not decrease if 7 increases, and 
also that the curvature criterion does not increase if 7 decreases. It 
is evident that the following cases are possible: 

(1) the curvature criterion is positive for the minimum numer- 
ical value of 7, so the curvature criterion is positive for all 
numerical values of 7 in the interval we are considering; 

(2) the curvature criterion equals zero at one of the boundaries, 
or inside the interval. In particular, when * transits from 
smaller numerical values to the larger ones, the negative cur- 
vature criterion can become positive; 

(3) the curvature criterion is negative for the maximum numeri- 
cal value of 7, and hence the curvature criterion is also neg- 
ative for all numerical values of 7 in the interval. 


We will refer to the cases as II, II?, and IIa. 


Case III (the general case): 


720. (18.12) 


We also have three different cases here. So we will refer to the 
cases as III, III», IIIa: 
(1) the curvature criterion is positive throughout the interval of 
n, the boundaries included; 
(2) the curvature criterion takes numerical values, which can be 
zero. In particular, the curvature criterion can change its sign; 
(3) the curvature criterion remains negative throughout the in- 
terval of numerical values of 7, the boundaries included. 


$4.19 The states of the infinite density 


When a volume element we are considering approaches the asymp- 
totic state of infinite density, we have 


Ké? 


* * "kk 
1p =0, 7 — 7 —0, N —$5-—90. (19.1) 


214 Chapter 4 Numerous Cosmological Consequences 


When the volume element approaches the minimum state of 
infinite density, we have 


Ké? "kk 


qmq=0, "2-0, 7359,20. (19.2) 

In both cases, because of (18.2) and (18.3), we obtain 
T — —00, (19.3) 
E > +00. (19.4) 


It is easy to see that the formula (19.4) leads to (19.3), because 
the curvature criterion is finite and continuous when 7 Z 0. 

When the element approaches the collapsed state of infinite 
density, we have 


* * 
n>n =0, n= N, #0 (19.5) 


and (18.3) leads to (19.4) and, hence (19.3). From the foregoing we 
conclude that: in the cases Ii, Ig, I3, Ih, Ie, IIa, IIg the asymptotic, 
minimum, and collapsed states of the infinite density are impos- 
sible; in the cases III; and III; the aforementioned states are pos- 
sible only under the specific evolution of the curvature criterion. 
On the possibility of states which are not prohibited by the fore- 
going results, see §4.25. 

When the volume element approaches the special state of infi- 
nite density, we have 


920, 7 co. (19.6) 


It is evident that under the specific sequence by which 7 ap- 
proaches infinity, the special states of infinite density are conceiv- 
able in all the cases of 84.18 (see 84.25 for the details). 


$4.20 The ultimate states of the infinite rarefaction 


We assume that 
No. (20.1) 


Let us consider those cases where the cosmological constant is 
positive, zero, and negative. 

If the cosmological constant is positive, then (18.2) and (18.3) 
under the condition (20.1) give, respectively 


x» 1 
(7 T 7) — +00, (20.2) 


4.21 An unchanged volume and the minimum volume 215 


(7? + £) — +00. (20.2) 


Hence, under the specific changes of 7 and T, the element can 
approach the ultimate state of infinite rarefaction in all 9 cases we 
have considered in 84.18 (see also 84.25 and 84.26). 

If the cosmological constant equals zero, then (18.2) and (18.3), 
under the condition (20.1), give 


H +5 r) 0, (20.4) 
(v + £) 0. (20.5) 


So the curvature criterion approaches a nonpositive numerical 
value, while the derivative of the curvature criterion, depending on 


the changes of "7, can evolve in different ways. Hence, the element 
can not approach the ultimate state of infinite rarefaction in the 
cases I4, II, III. 

Finally, if the cosmological constant is negative, then (18.2) and 
(18.3), under the condition (20.1), respectively lead to 


an 1 
(1 de r) — —00, (20.6) 
(12 +£) > —o0. (20.7) 
From (20.7) we obtain 
fob, (20.8) 


so T cannot remain nonnegative. So the element cannot approach 
the ultimate state of infinite rarefaction in the cases I, I2, Is, Ih, 
II, I3, I. 


$4.21 The states of unchanged volume and of the minimum vol- 
ume 


When a volume element approaches a state of unchanged volume, 
we have i 2 

70, 7-0, (21.1) 
so formulae (18.2) and (18.3) give, in their limits, 

3 


EE" 
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3 KH 2 
— E= An, 21.3 
zE a ran (21.3) 
In the state of minimum volume, we have 
* xk 
n=0, 7 20 (21.4) 
and hence (18.2) transforms into 


gat +An, (21.5) 


while (18.3) transforms into (21.3). So, both in an unchanged vol- 
ume and in minimum volume we have 


3 
3 2 


Let us consider the cases where the cosmological constant is 
positive, zero, or negative, just as we did in §4.20. 

With the cosmological constant positive, equation (21.7) implies 
that the transit through the state of minimum volume and also the 
asymptotic approach to the state of unchanged volume from above 
are impossible in the cases I», I5, II2, I3, III, while the asymptotic 
approach from below is impossible in the cases I», Is, IIa, IIs. 

If the cosmological constant is zero, equations (21.6) and (21.7) 
imply that the transit through the state of minimum volume and 
also the asymptotic approach to the state of unchanged volume 
(from above or below) are impossible in the cases Ii, I», Is, Ih, II», 
IH, III3. 

Finally, if the cosmological constant is negative, equations (21.6) 
and (21.7) imply that the transit through the state of the minimum 
volume and also the asymptotic approach to the state of unchanged 
volume are impossible in the cases I, I2, I5, Ih, I2, IIa. 


$4.22 The states oi the maximum volume 


In the state of maximal volume, we have 


"kk 


720, ER (22.1) 
so (18.2) and (18.3) give 


—7T>-—+An, (22.2) 
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3 KU 2 
—£-——-A 22.3 
cat qoM (22.3) 
so that 3 
a 2A, (22.4) 
3 2 
a > M. (22.5) 


The result (22.5) implies that, with the cosmological constant 
nonpositive, the state of the maximum volume is impossible in the 
cases I2, 13, IIa, II}. If the cosmological constant is strictly neg- 
ative, then equations (18.2) and (18.3) permit the state of maximum 
volume in all 9 cases we have considered in $4.18 (see also 84.25 
and 84.26). 


$4.23 The transiormations, limited irom above and below 


We will now consider cases where monotonic changes of 7 are 
limited from above and below. 

The lower boundary is the finite asymptotic or the finite min- 
imum numerical value 7,, while the upper boundary is the finite 
asymptotic or the maximum numerical value 7,. Then it is evi- 
dent that 


m «mo, (23.1) 
* * 
T =0= M, (23.2) 
"kk Ké? 
0; 20 2 No. (23.3) 


If the cosmological constant is nonnegative, then equation 


(18.2) gives 
T1 X T3. (23.4) 


If the cosmological constant is nonpositive, then equation 
(18.3) gives 
& > 6. (23.5) 


Because of (23.4) and (23.5), the kinds of changes of 7 we are 
considering are impossible in the cases I, I2, Is for a strictly positive 
cosmological constant, and in the cases I, I2, I3, II, Ie, IIg for a 
nonpositive cosmological constant. 
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$4.24 The area, where deformations of an element are real 


In 84.19-84.23 we ascertained numerous prohibitions and limitat- 
ions on the evolution of the volume element, due to equations (18.1) 
and (18.3) or equivalently, by equations (7.13), (7.15), (7.16). So 
the problem we have stated in 84.17 has been solved. It is easy 
to see the prohibitions are generalizations of those prohibitions 
on the evolution of any element of a homogeneous universe, the 
cosmological equations resulted when the pressure becomes zero. 
The prohibitions can also be found by considering an area of 
real deformations of the element in the plane 1, £, the area, where 


20, (24.1) 


* 
n2>0. (24.2) 


Because of (18.3), equation (24.2) leads to 
2 
Pe (= + ar?) (24.3) 
n 


So the area of real deformations is bounded by the ordinate axis 
and the ultimate curve 


2 
e- S (S +An?), DE? (24.4) 


Let us consider this curve in detail. If the cosmological constant 
is positive, then the whole curve is located in the first quadrant, 
is convex everywhere with respect to abscissa axis, and it has a 


minimum when 
3/ KL 
—e—. 24.5 
EXTRA (24.5) 


If 7 approaches zero (the ordinate axis is the asymptote), then 
we have 


ô 
E> +00, 25 3 694 (24.6) 
8n 
and if 7 approaches infinity, then 
ô 
E> +00, E — +00. (24.7) 
7 


If the cosmological constant is zero, then the whole ultimate 
curve lies in the first quadrant and is convex with respect to the 
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abscissa axis. The curve is a branch of an equilateral hyperbola, 
the asymptotes of which are the coordinate axes, so that: (1) if 
7 approaches zero, then conditions (24.6) are true, and (2) if 7 
approaches infinity, then 


PE ceti (24.8) 
ôn 

Finally, if the cosmological constant is negative, then the ultima- 
te curve is monotonic (like the previous case) decreasing function. 
In this case the curve is convex with respect to the abscissa axis 
and intersects the axis at the point 


Nm 
Ee bbs 24. 
n AC (24.9) 


which is, hence, the inflection point. If 7 approaches zero, we have, 
just as in the previous cases, the conditions (24.6), so the ordinate 
axis is the asymptote. If 7 approaches infinity, then 

8€ 


E> —oo, an — —oo. (24.10) 


£20, 


In the case of the positive cosmological constant, the real states 
of infinite rarefaction are points at infinity on the straight line 


n= +00. (24.11) 


In the case where the cosmological constant is zero, the states 
are points on the straight half-line 


n= +00, £s 0. (24.12) 


Finally, in the case of the negative cosmological constant, the 
states are the points 


n = +00, € — —oo. (24.13) 


The special states of infinite density are all points on the ordina- 
te axis. The asymptotic, minimum, and collapsed states of infinite 
density are the points 


n=0, E = +00 (24.14) 

on this axis. 
The states of unchanged volume, the minimum volume, and the 
maximum volume are points on the ultimate curve. The asymptotic 
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approach to a state of unchanged volume is, it is easy to under- 
stand, the approach to the point of this state along a curve, a tan- 
gential line to which at this point is the same as the tangential line 
to the ultimate curve. 


$4.25 The kinds of monotonic transformations of a volume 


We will label each kind of evolution of the volume element by var- 
ious letters, denoting the states the element evolves through (the 
states are boundaries of the monotonic change of the volume). In 
this terminology, the kinds of evolution we consider in the theory 
of a non-empty homogeneous universe will be denoted as follows: 


A, — sA (expansion) or As (contraction); 
A2 — aD (expansion) or Da (contraction); 
M; — sD (expansion) or Ds (contraction); 
Mz — DmD; 

Ou — sMs; 

O> — ...mMmM... 


It is evident that the number of kinds of evolution of the element 
which are conceivable inside the interval of its monotonic transfor- 
mations is 18, if the volume expands, and the same number if the 
volume contracts (6 kinds of minimum value and 3 kinds of the 
maximum value). Let us make a list of the kinds of evolution when 
the element expands (by changing the subscript letters we obtain 
the corresponding kinds of contraction). 


1. Transformations of the volume, limited by its finite value only 
from below: aD, mD. 


2. Transformations of the volume, limited by its finite value 
from below and above: aA, aM, mA, mM. 


3. Transformations of the volume, limited by its finite value only 
from above: pA, pM, qA, qM, TA, TM, sA, sM. 


4. Unlimited transformations: pD, qD, rD, sD. 


The kinds aD, mD and the corresponding kinds of contraction 
are impossible in the cases (see 84.20 and 84.21) 


A0: I5, Ia; II», IIa; IIIa 
Ac): L, Io, Is; I, Is, Ig; II, IIIa . (25.1) 
A«0: L, Io, Is; I, Is, Ig; III, 
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The kinds aA, aM, mA, mM and the corresponding kinds of 
contraction are impossible in the cases (see $4.21, 84.22, 84.23) 


A0: Ty, Io, Is; II», Ia; IIIa 
A=0: l, I2, I3; II, I2, IER IIIa S (25.2) 
A«0: Ty, I2, I3; I, Ip, Ig 


The kinds pA, pM, qA, qM, rA, rM and the corresponding kinds 
of contraction are impossible in the cases (see $4.19, 84.21, 84.22) 


A0 : I, I2, Is; I, Ie, IIa; IITs; . (25.3) 


The kind sA and the corresponding kind of contraction are 
impossible in the cases (see 84.19 and 84.21) 


A0: I2, I3; IIa; IIIa 
A=0: Ty, I2, I3; I, Ip, IIa; IIs k (25.4) 
A<0: lL, Io, Ia; I, Ip, IIa 


The kind sM and the corresponding kind of contraction are 
impossible in the cases (see §4.19 and §4.22) 


The kinds pD, qD, rD and the corresponding kinds of contrac- 
tion are impossible in the cases (see §4.19 and §4.20) 


A0: I, I2, Is; I, I2, IIa; IIs 
(25.6) 


Ax 0: Ty, I2, I3; II;, Is, IIg; HI, IIIa 


The kind sD and the corresponding kind of contraction are 
impossible in the cases (see §4.19 and §4.20) 


A=0: I; Il; III, | 


(25.7) 
A«0: Ty, I2, Is; I, I, IIa; III 


We have listed those cases for each type of evolution prohibited 
by the limitations we have obtained from equations (7.13), (7.15), 
(7.16) in 84.19-84.23. Considering the ultimate curve in an area 
of real deformations (see $4.24), we see that each kind is possible 
(more exactly, permitted by equations 7.13, 7.15, and 7.16) in all 
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cases where the type is not prohibited by the aforementioned limit- 
ations. 

We give two tables in which each case is specified with the type 
of evolution (for brevity, we include only the kinds of expansion), 
which are permitted by equations (7.13), (7.15), (7.16) or equiva- 
lently, by equations (18.1) and (18.3). The meanings of the under- 
lined and the bracketed terms are given in 84.27. 


$4.26 The possibility of an arbitrary evolution of an element oi 
volume 


We have considered the limitations that equations (7.13), (7.15), 
(7.16) place upon the evolution of 7, if the time coordinate changes 
when the spatial coordinates are fixed. Let us recall those consider- 
ations, whereby we conclude that the other cosmological equa- 
tions do not have additional limitations on the evolution of 7 at 
the given point. 

It is known [59] that we can always" introduce coordinates 
(Z0, z+, 22, 2?), where the conditions 


a(8^^/-8) 
03" 


hold (the harmonic coordinates). The equations of gravitation in 
these coordinates can be written in the form 


=0 (26.1) 


1+ Gd E zo 1 pe 
zt" POPE, gta + Ag (Te T), (26.2) 
where we denote 

8? 


mi Gro ’ 


(26.3) 


and hence the equations of gravitation can be transformed into 
their regular form 


g?g"" 
35055 = PH Le il, i g^ gn go ; ST, 
T OT 
(26.4) 
0g°° Oe EES g?g"" g?gw" 0? ger 
0i19'031' "' 033'  039039'039021' ` n) l 


* However, generally speaking, it is not possible in every reference frame. 


4.26 An arbitrary evolution of an element of volume 


223 


Ih Io Is 
aD (A2), mD [M2] 
A20 sA(A1) 
sM [Oi] 
sD (Mi) sD (Mi) sD (Mi) 
A=0 
sM [Oi] 
sD (Mi) sD (Mi) 
A«0 
sM [O1] sM [Oj] sM [O1] 


Table 4.1 Kinds of evolution of the volume element in Case I, i.e. 


for fixed mechanical isotropy and fixed geometrical isotropy. 


Il II; Ils 
aD (A3), mD 
aA, aM,mA,mM 
A20 sA(A1) sA(A1) 
sM sM [91] 
sD (M1) sD (Mi) sD (M1) 
A=0 
sM [Oi] sM [91] 
sD (Mi) sD(M:) 
A«0 
sM [Oi] sM [O1] sM [Oi] 


Table 4.2 Kinds of evolution of the volume element in Case II, i.e. 


for anisotropic deformations in the absence of dynamical absolute 


rotation. 
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In such a case* we can use the general theorem concerning in- 
tegrals, which satisfy the given initial conditions for 


i? = à? = const, (26.5) 
xuv _ fuv(~ 70 zl g2 Sie  Suizesf xl z2 
H =f (ž (TT m EES = f3 E EE ). (26.6) 


All 20 functions on the right sides of equalities (26.6) must 
satisfy! only 4 of the harmonic conditions (26.1). Thus, 16 of the 
functions and, hence, no less than 6 of the 0 functions fur can be 
given by our arbitrary choice. 

Let us link the accompanying coordinate frame (x°, zl, z?, x°) 
we are considering to a harmonic coordinate frame by the general 
transformations 


(26.7) 


and we choose coordinates in the harmonic coordinate frame and a 
point in the accompanying coordinate frame 


z* = a = const, (26.8) 


so that this point would always be in the surface (26.5). Then at 
this point, we have 


Se ger Co (26.9) 
where we denote! 
à zuy OL% Op? 
for = (P c) > (26.10) 


Thus, 10 values of f° are linear functions of 10 values of ( E 
6 of which can be given arbitrarily. For this reason, we can preas- 
sign the 6 values of f^? instead of (fun. 

The foregoing implies that at a given point of the space, preas- 


signing numerical values of w, vl, v?, v? as functions of the time 


*We suppose that all the necessary requirements of continuity and differenti- 
ability are realized. 

TBeside the regular requirements of continuity and that their continuous first 
derivatives must exist. 

tThe index a here implies that we consider all the functions, which have 
been contained by the brackets, along the world-line of the point (26.8) of the 
accompanying space in the harmonic coordinate frame. 
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coordinate, we can also preassign no less than two values of ht? or 
hig as functions of the time coordinate at this point. Alternatively, 
we can preassign two functions of the h^ or ba, where we can 
choose for one of the functions the value of 7. In this case we have: 


e A meaning for the limitations the cosmological equations 
(7.13), (7.15), (7.16) place upon the evolution of the numerical 
value of 7 — setting of a relation between the evolution of 7 
and the evolution of the curvature criterion; 


e The other cosmological equations cannot give additional rela- 
tions between 7 and £, because in the opposite case the quan- 
tities would be defined by no less than two independent equa- 
tions, so it would be impossible to preassign 7 (t) arbitrarily; 


e When 1, during its evolution, transits from one interval of its 
monotonic transformations into another, any type of the mo- 
notonic transformations can be replaced by any other, which 
is permitted for the given cosmological constant and the pre- 
assigned evolution of the curvature criterion. 

The foregoing implies that, generally speaking, it is impossible 

to preassign 7 for all elements of a finite volume. 

In conclusion, let us make a list of data, which can be obtained 
from the cosmological equations we considered as the equations for 
the given point. 

Let us suppose that at the given point we preassign 


w —0, (26.11) 
Ow 

-=0 26.12 
Oz! i ( ) 
vj —0, (26.13) 


numerical values of y, vt, v?, v°, and also 5 of 6 numerical values 
of hi* as functions of the time coordinate (in other words, we know 
5 functions f** for the given point). Then we have: 
e Equation (7.14) will be satisfied, because of (26.11) and (26.13); 
e Equations (7.13) and (7.15) establish the 6th value* of all nu- 
merical values of h** and p; 


e Equation (7.15) establishes the value of Z ; 


*So we see that to presuppose all 6 values of f** when (26.11) has been 
presupposed, is prohibited by the cosmological equations for the given point. 
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e Equation (7.17), because of (10.14), determines 5 values of all 
numerical values of Z* — ihZ; 


e Equation (7.19) links the evolution of the given element to 
the evolution of the neighbouring elements, if the relation 
between values of v* and the spatial coordinates we use is 
known. 


$4.27 The kinds of evolution of the element 


We are now going to consider the kinds of evolution of the volume 
element throughout the interval of changes of 7, where its numeric- 
al value and the substance’s density remain finite. It is evident that 
the limiting states in this case can be all kinds, aside of m and M, 
so only 10 of 18 kinds of the monotonic expansion (or contraction, 
respectively) are evolution types throughout the interval we are 
considering (the kinds are underlined in Table 4.1, Table 4.2, and 
Table 4.3). Examining the types, we see that 7 of the 10 kinds 
are impossible for a homogeneous universe (these are aA, pA, qA, 
rA, pD, qD, rD), while the other 3 kinds aA, sA, sD coincide, 
respectively, with kinds Az, A1, M1, which are possible for a homo- 
geneous universe (the kinds have been contained by parentheses in 
the Tables). 

It is conceivable that cases can exist where the volume element 
can transit from the states m or M into only one of the various 
states of infinite density, unchanged volume, or infinite rarefaction 
(as a result of the monotonic transformation of the volume). In such 
cases, the kind of monotonic transformations of the volume element 
defines the kind of its evolution throughout the interval we have an 
interest in. For instance, if the volume element can transit from 
the state m into only the state D, then the presence of the kind 
mD implies the presence of the kind DmD, which coincides with 
kind M3. If the element can transit from the state M into only the 
kind s, then the presence of the kind sM implies the presence of 
the kind sMs, which coincides with kind O;, as shown in Table 4.1 
and Table 4.2 by the terms in square brackets. 

The foregoing considerations are sufficient for determining all 
the kinds of evolution: 


e In the cases I4, In, I3, Ie, II under AZ0; 
e In the case II; under A< 0; 
e In the case III; under A 2 0. 
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To ascertain the kinds of evolution: 
e In the case II; under A » 0, 
e In the cases III, and III; under A € 0, 
e In the case III under A« 0 


we need to use our findings on the possibility of combining the 
kinds of monotonic transformations of the volume (see 84.26). This 
enables us to conclude that: 


e In the cases Il, A» 0 and III}, A «0, the volume element can 
transit from any of the states a, m, s into any of the states A, 
M, D and back; 

e In the cases IIl, A » 0 and III, A20, the volume element can 
transit from any of the states a, m, p, q, r, s into any of the 
states A, M, D and back; 

e In the case IIl, A €0, the volume element can transit from 
any of the states a, m, p, q, r, s into any of the states A, M 
and back. 


Note that the kind ...mMmMmM... (i.e. the kind O2) is pos- 
sible in all cases. 


$4.28 The róles of absolute dynamic rotation and deforma- 
tion anisotropy 


To clarify the effects of dynamic absolute rotation and deformation 
anisotropy, let us consider the following cases: (1) dynamic absolute 
rotation is absent when the deformations are isotropic; (2) dynamic 
absolute rotation is absent when the deformations are anisotropic; 
(3) dynamic absolute rotation is present when the deformations are 
anisotropic. 


The dynamic absolute rotation is absent when the deformations 
are isotropic 


We assume that the mechanical isotropy and, hence, the geo- 
metrical isotropy remain unchanged at the given point we are con- 
sidering. It easy to see from 84.11 that the necessary and sufficient 
conditions for this conservation can be written in the form 


II-0, QG — 0. (28.1) 
Then, on one hand, we have 


Tz0, € = const, (28.2) 
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and on the other hand 


M (28.3) 


cez-a8 
7] 
In 84.14 we saw (it is also seen from formula 28.3) that, if the 
isotropy is at the point and remains unchanged, then the mean 
curvature at the point transforms in company with transformations 
of the volume of the element just as for a homogeneous universe. 
Considering formula (28.2), we obtain (see Table 4.1, taking 28.3 
into account) that the kinds of evolution of the volume element, 
possible for a given cosmological constant and mean curvature (in 
the sense of its sign or if it is zero), are the same as for a homoge- 
neous universe. Moreover, we saw in $84.18 that equations (7.13), 
(7.15), (7.16), under the conditions (28.2) at the given point, can be 

transformed into their regular form for a homogeneous universe. 


The dynamic absolute rotation is absent when the deformations 
are anisotropic 


We assume that the dynamic absolute rotation at this point is 
again absent, while the deformation anisotropy is present 


II20 QG — 0. (28.4) 


Then, as it is easy to see, we have 


T20 (28.5) 


eZ ak . (28.6) 
7] 

The deformation anisotropy, generally speaking, complicates the 
function of the evolution of the mean curvature from the evolution 
of the volume of the element (see $4.14). In particular, it makes 
changing of the sign of the mean curvature possible. If the dynamic 
absolute rotation is absent, then the deformation anisotropy results 
in new kinds of evolution of the element (see Table 4.2), which 
are absent for a homogeneous universe. For a positive cosmological 
constant and always for the positive curvature criterion", the limit- 
ed from above and below monotonic transformations of the volume 
of the element (the kinds aA, aM, mA, mM) are possible. So the 
kind Oz is also possible under the conditions. Note also that for 
any numerical value of the cosmological constant and an always 


*Hence, because of (28.6), for the always positive mean curvature. 
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nonpositive mean curvature, only those kinds of evolution are pos- 
sible which are also possible for a homogeneous universe for the 
same cosmological constant and the same nonpositive curvature. 


The presence of the dynamic absolute rotation when the deforma- 
tions are anisotropic 


We assume that the deformation anisotropy and the dynamical 
absolute rotation are present at the point we are considering. Let 
us consider the general case, where II can be greater than, equal 
to, or less than 20; QÍ. Then it is evident that we have 


Tž0 (28.7) 


H 


éziaf. (28.8) 
7] 

Because of (28.7) (see Table 4.3), the kinds aA, aM, mA, mM 
and consequently the kind O2 are possible not only for a positive 
cosmological constant, but also when the constant becomes zero 
or negative. Moreover, in the case of a nonnegative cosmological 
constant, the curvature criterion does not always remain positive. 
This limitation is not present in the case of a strictly negative 
cosmological constant". 

If dynamic absolute rotation is present, then the new states p, 
q, r and the associated types pA, qA, rA, pM, qM, rM, pD, qD, rD 
will be possible. 

Such are the various consequences of deformation anisotropy 
and dynamic absolute rotation. 


"Whatever the sign of the curvature criterion, condition (28.8) permits a 
positive, zero, or negative mean curvature. 


Noo Fk w 
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